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Abstract— The delay-throughput trade-off of a mobile wireless and D = w(|logS//S?), and then propose a joint coding-
EetWOV_k Untf_iert tge_ W\[/(l)x]“mekf]lSiona| i.i.ﬁ m%b”ti;ytnt]r?del T_aS I scheduling scheme to achieve the maximum throughput when
een investigated in , Where we showed that the optimal o _ : 2
trade-off cang be achieved using rate-less codes. In this F;)aper,sf o(1) angiD is both w(max{(I(_)g n)||ogS|/SG,%Iogn})
we extend the result to a hybrid random walk model with ando(n/log n). Note that the optimal qQIay-throughput trade-
fast mobiles. We first prove that the maximum throughput per Off are established under some conditionsinWhen these
source-destination (S-D) pair isO(,/D/n) when S=o0(1) and conditions are not met, the trade-off is still unknown in
D = w(|logS|/S?), and then propose a joint coding-scheduling general, though a trade-off has been established under an
scheme to achieve the maximum throughput whers=o(1) and  assumption regarding packet replication in [12]. We alsaldo

D is both w(max{(log?n)|logS/S, ynlogn}) and o(n/1og®n), ke to mention that when the step size of the hybrid random
where n is the number of mobile nodes andS is the step size of

the hybrid random walk. walk is 1/4/n, our hybrid random walk model is identical to
the random walk model studied in [3], [4], where the optimal
|. NOTATIONS delay-throughput trade-off has been obtained.
The following notations are used throughout this paper, The remainder of the paper is organized as follows: In
given non-negative functiong(n) andg(n): Section Ill, we introduce the communication and mobility
(1) f(n)=0(g(n)) means there exist positive constants model. The joint coding-scheduling algorithm and the main
andm such f(n) < cg(n) for all n>m. results are presented in Section IV. Finally, we conclude ou

(2) f(n) = Q(g(n)) means there exist positive constacts Paper in Section V.
and m such thatf(n) > cg(n) for all n > m. Namely,
g(n) = O(f(n)). : _ . - :
(3) f(n) = ©(g(n)) means that bothf (n) = Q(g(n)) and In this section, we first present the mobility and wireless

I1l. M ODEL

f(n) = O(g(n)) hold. interference models used in this paper. Then the definitbbns
(4) f(n)=o(g(n)) means that lim_. f(n)/g(n) = 0. delay and throughput are provided.
(5) f(n) = w(g(n)) means that lim_.g(n)/f(n) = 0. Hybrid Random Walk Model: Consider an ad-hoc network
Namely,g(n) = o(f(n)). where wireless mobile nodes are positioned in a unit square.
The unit square is divided into/$ squares of equal size.
Il. INTRODUCTION Each of the smaller square will be called an RW-cell (random

The delay-throughput trade-offs in mobile ad-hoc networksalk cell). The unit square is assumed to be a torus, i.e., the
have received much attention since the work of Grossglausep and bottom edges are assumed to touch each other and
and Tse [6], where they showed that the throughput of asimilarly the left and right edges also are assumed to touch
hoc networks can be significantly improved by exploring thether. A node which is in one RW-cell at a time slot moves
node mobility. Recently the trade-off was investigated amdto one of its eight adjacent RW-cells or stays in the same
different mobility models, which include the i.i.d. molyi RW-cell in the next time-slot with each move being equally
[11], [13], [8], [14], one-dimensional mobility [1], [5],andom likely as Figure 1. Two RW-cells are said to be adjacent ifthe
walk [2], [3], [4], [12], hybrid random walk [12] and Brownia share a common point. The node position within the RW-cell
motion [9]. is randomly uniformly selected. There aneS-D pairs in the

In [14], we demonstrated that the optimal trade-offs of theetwork. Each node is both a source and a destination. Withou
i.i.d. mobility models can be achieved using rate-less soddoss of generality, we assume that the destination of nasle
In this paper, we extend the result to a hybrid random wafiodei + 1, and the destination of nodeis node 1
model which was introduced in [12]. We first prove that th€ommunication Model: We assume the protocol model intro-
maximum throughput per S-D pair@(,/D/n) whenS=0(1) duced in [7] in this paper. Let di§tj) denote the Euclidean



Suppose thati,b, j) is generated at the end of time slot
: : : tip,j)- We let L,bJ denote the minimum distance between
3 3 3 nodej and the destmatlon of nodefrom time slott; p, ;) + 1

| | | to t(i,b,j)"i'Da ie.,

Cipj) = min dist(j,i+1)(t).
S (|7b7j) t(itb.j)+1§t§t(i.b,j)+D t(L + )()
Theorem 1. Consider the hybrid random walk model with
fast mobiles. GivenS= o0(1) and a delay constrainD =
w(|logS/S?), the maximum throughput per S-D pair satisfies

_ 480vaw /D
- A n’

! ! ! Proof: Consider bit(i,b, j), and let N(rW hj denote the
number of time slots, betweetyy, j) + 1 andt(I b,)+D at

which nodej and the destination of nodeare in the same
RW-cell or neighboring RW-cells. Further define

Fig. 1. Two-Dimensional Random Walk Model

distance between nodeand nodej, andr; to denote the A
transmission radius of nodeA transmission from nodecan

be successfully received at no@éd and only if following two TANTD
conditions hold: SinceA = O(1), S=0(1), andD = w(|logS/S?), there exists
(i) dist(i, ) <ri; no such that for anyn > ng,
(i) dist(k,j) > (14 A)r; for each nodé +# i which transmits h S
at the same time, whetk is a protocol-specified guard- L= < <S
zone to prevent interference. f2NnD llog§
We further assume that at each time slot, at iWggbits can which implies that for anyn > ng, the distance of two nodes
be transmitted in a successful transmission. is less than or equal tb only if they are in the same RW-cell

Fast mobility: The mobility of nodes is at the same time-scaler neighboring RW-cells. Thus, we have
as the data transmission, 86 is a constant independent of

n and only one-hop transmissions are feasible in single time Pr(L(i-,b-,D <L)
slot. l ~ W
Delay and Throughput: We consider hard delay constraints 21PF<L<i7b,j> < LINGb.j) = K) Pr(NU bj) — K)
in this paper. Given a delay constraibt a packet is said to ® N
be successfully delivered if the destination obtains thekeg < ; (1_ (1_ S?) > Pr(Nmb )= K)
within D time slots after it is sent out from the source. =1 "
Let Ai[T] denote the number of bits successfully delivered .2\ Nibj)
to the destination of noden time interval[0, T]. A throughput = 1-E [(1 82) ]
of A per S-D pair is said to be feasible under the delay [

for anyn > ng(D, €), there exists a coding/routing/scheduling < g
algorithm with the property that each bit transmitted by a
source is received at its destination with probability astke where the first inequality follows from the fact that the node
1-¢, and position within a RW-cell is randomly uniformly selecteahca
I|m IDr</\ i[T] S ALV ) 1 ) the last inequality foIIows_ from the \.Jense.n’s inequal-ity.

T Next consider the mobility of nodg relative to node + 1,
i.e., assume we observe noflérom nodei+1 so noded +1
is stationary from our point of view. Then, the mobility cam b

)

constraintD, if for any € > 0, there exista(D, €) such that .2 et ,J)]
(%)

IV. THE OPTIMAL DELAY-THROUGHPUTTRADE-OFF

A. Upper Bound regarded as a composition of two independent random walks:
First, we introduce following notations which will be usedhe movement of nod¢ and a random walk opposite to the
in our proof. movement of node + 1. So the mobility of nodej relative
« b: Index of a bit. to nodei+ 1 is also a random walk. Then from Lemma 5
« (i,b) : Bit b generated by sourde provided in Appendix B, it is easy to see that

« (i,b,j): The copy of bitb which originated from node
and is carried by nodg. E [N(rlwbj ] SZD



for D = w(|logS/S?), and we have In the next theorem, we show that the throughput obtained
9 in Theorem 1 can be achieved using the algorithm above under
(1_ (1_ 7TL2>> 10 (2) Some constraints oD.
F Theorem 2. Consider the Joint Coding-Scheduling
< 36.2D. 3 Algorithm.  Suppose S = o(1), D is both
- w(max{(log’n)|logS/<’, ¥nlogn}) and  o(n/log?n),
The rest of the proof follows from the proofs of Lemma 2 anénd the delay constraint isD6 Then given anye > 0, there
Theorem 3 in [14]. B existsng such that for anyn > ng, every source packet sent

) i ) _ out can be recovered at the destination with probability at
B. Joint Coding-Scheduling Algorithms least 1— ¢. and furthermore

In this subsection, we propose a joint coding-scheduling
scheme to achieve the maximum throughput obtained in The-  |im pr A [T] > W D vil =1 (4)
T —\2520 n
Proof: We consider one super time slot which consists of

orem 1. We first define four different types of packets. T
« Source packets: Packets which have to be transmitted
§Rstime slots, and calculate the probability that thz/225M)
source packets from nodeare fully recovered at the des-

from source to destination.

« Coded packets: Packets generated by Raptor codes.

use(i,k) to denote th&" coded packet of nodie L

« Duplicate packets: Each coded packet could be broadcHagtion- Let¥ deno'Fe the event that the cellzs are al! good
to other nodes to generate multiple copies, called dup'l?— the whole super time slot. Sindg = o(n/ log n) implies
cate packets. We us@,k, j) to denote a copy ofi,k) M = w(logn), we have

—t

Pr(

IN

(ibj) <L)

carried by nodsj. 1
. . >1_ —
« Deliverable packets: Duplicate packets that happen to be Pri) =1 n2 ©)
in the same cells as their destinations. by applying the Chernoff bound and union bound. A coded

We divide the unit square into square cells with each side packet is said to be successfully duplicated if it h&4/8
length equal to 1v/nD. A cell is said to be @ood cell at time duplicate copies after the broadcasting step.A;edenote the
t if the number of nodes in the cell is more thalwl 210 but number of coded packets of nodewhich are successfully
no more than 1¥/10, whereM = ,/n/D, the mean number duplicated. We will first show that
of nodes in each cell.

. . . ) 16D 55D D
Joint Coding-Scheduling SchemeWe group every b time Pri A > 25M 9] >1- & . (6)
slots into a super time slot. At each super time slot, the sode
transmit packets as follows, wheké = ,/n/D. Then let B; denote the number of distinct coded packets

receieved at the destination, we will show that

3D, 16D
25M 25M
(2) Broadcasting: This step consists oD time slots. At From inequalities (5), (6) and (7), we can conclude that

ea_ch time slot, the nodes do the fpllowmg: under the Joint Coding-Scheduling Algorithm, at each super
(i) In each good cell, one node is randomly selectefime siot, the »/(25M) source packets can be successfully
If the selected node has not already transmittggcovered with a probability at least
all of its D/M coded packets, then it broadcasts a
coded packet that was not previously transmitted 1- - == _ e*% — 267'805%% _e*ﬁ’v@.
to 9M/10 other nodes in the cell during the mini-
slot allocated to that cell. Recall that our choice of he rest of the proof is the same as the proof of Theorem 4
packet size allows one node in every good cell tt [14].
transmit during every time slot. Proof of inequality (6): Consider the broadcasting step.
(i) All nodes check the duplicate packets they have. [fote that whert/ occurs, node is selected to broadcast with
more than one duplicate packet has the same dé@sprobability at least 1q11M) at each time slot. Letit]
tination, randomly keep one and drop the othersdenote the event that nodes selected to broadcast in time
slott. From the Chernoff bound, we have

(1) Raptor Encoding: Each source taked® (25M) source
packets, and uses Raptor codes to gendddtd coded

packets. Pr ( Bi =

logD _ D
‘A,-> ) >1—2e 800 —g 500MlogD  (7)

(3) Receiving: This step consists of [® time slots. At
each time slot, if a cell contains no more than two D 9D
deliverable packets, the deliverable packets are detivere Pr( le% it = im
to their destinations using one-hop transmissions during =
the mini-slot allocated to that cell. At the end of thisSo nodei broadcasts B/(11M) coded packets with a high
step, all undelivered packets are dropped. The destimaebability. Note that each broadcast generatiy/B0 du-
tions decode the received coded packets using Rapplicated copies, and a duplicate packet of nadmight be
decoding. dropped if the node carrying it obtains another packet from

g) >1- e wom, ®)



nodei. Next we calculate the number of duplicated copies at least - 1/n, two nodes are in the same RW-cell for
dropped in step (i), and then obtain the number of coded at least £/(55logD) time slots int(p2)-

packets of nodé which are successfully duplicated. First we (b) When two nodes are in the same RW-cell, the probability
have that the probability that a duplicate copy dropped is at that they are in the same cell &M /n.

most Next note that the duration ®f; andt, 5 are at a larger order
11DM 101 11D ©) than the mixing time of the random walk (the mixing time is
10 n 9 M~ 9n defined in Appendix B). From the definition of the mixing

due to the following two facts: time, we have that at any time slot belonging ttg, the

(a) Let.#;i[D] denote the event that nodeis in the same nodes are almost uniformly distributed in the unit squass. L
cell as nodé in at least one ob consecutive time slots. Z(i k[to.2] denote the event that coded packek) is delivered
Similar to (3), it can be shown that wheb satisfies 10 its destination i, . From inequality (12) and the argument

constraints given in the theorem, we have used to prove inequality (13) in [14], we have
11DM 3
Pr(AilB) < 1571 (10) Pr(Zxltb2]) > 20l0gD” (13)

(b) When¥ occurs, node is selected to broadcast with aNow let X,
probability at most 19(9M) at each time slot. and
Now suppose source broadcastsD; coded packets, so % )
9MD; /10 duplicate copies are generated. N?t denote the
number of duplicate packets of nodelropped in the broad-
casting step. From the Markov inequality and inequality; (9

denote the positions of the nodes at time slot

31D
1="pgn +1

$or k=1,...,5logD/3. Note that{Z;tb]} are mutually
ndependent giverX. Further, Iet@( K denote the event that

we have (i,k) is delivered in the receiving step, from inequality (13),
Pr( K¢ > MD. Zlé" _ < @’ we have
n N 3 1 \Slw/3 4
which implies Pr(Zw|X) >1- (1— 20IogD) 2z
PF(A. > D| leﬁ ) 1 % (11) Thus we have that
. i E[B,‘XA‘Z]'GD} 21769 (14)
since otherwise, the number of duplicate packets from node 25M 125M

i left in the network is less than m:’ii/so. Inequality (6)
follows from inequalities (11) and (8).

Proof of inequality (7): We group every B/logD time slots
into big time slots, named b-time-slots and indexedgynd
then divided every b-time-slot into three equal parts, xede

We next bound the number of distinct coded packets of node
i becoming deliverable in one b-time-slot. Similar to inegya
(12), it can be shown that

by th1, th2 andtps as in Figure 2. We first calculate the Pr(Aio to]) < logD’
One Big Time Slot Since nodei broadcasts at modD/M coded packets and
T T — - duplicate copies of node are carried by different mobiles,
Lo we have
D/M
One Super Time Slot (Z 1ﬁ’|k) ity < ]‘ka[))gD) l1—e 400\/|D|ogD

Fig. 2. The Division of A Super Time Slot .

Let .%; denote the event that nodeobtains no more than
probability that coded packei,k) is delivered int,>. Let 16D/(5MlogD) coded packets at each b-time-slot in the
Hiklto2] denote the event that at least one copy of packesceiving step. From the union bound, we have for suffiientl
(i,k) becomes deliverable in some time slot belonging,t0 largen,

If (i,k) is a successfully duplicated packet, i.e., it has at least

4M /5 duplicated copies, we have Pr(%)>1 (:'OQD) (g%) > 1 @ SO0IogD (15)

am
M\ 5 Wog 1.3 1
Pr(Aix [to2]) >1—(1-— R (12) Finally let Xy, denote amx (3D/logD) matrix where the
_ n N 9 (i,t) entry is the position of nodieat thet™ time slot of b-time-
due to the following two facts: slott,, and B;(X,A;,.%) denote the number of distinct coded
(a) Since D/logD = w(logn|logS|/S°), from Lemma 5 packets delivered to the destination of nadgven (X, A;,.7).
provided in Appendix B, we know that with a probabilitylt is easy to see thafX; } are mutually independent given



()N(,Ai,ji), andBi(X,A,%) is a function of{Xy,}, i.e., there [14] L. Ying, S. Yang and R. Srikant. Coding achieves the ropti
exits a functionf g » ) such that

B ()~(aA4>c6fl) = f(>~(7Ai,fi) (xla e 7x5IogD/3)~

Furthermore, the functionf; . ) satisfies the following

condition,

’fo”(,Ai,g}i) (X1, Xty—1, Xty, Xty 11 - - -, X5l0gD/3) —

f%a.z) (xl,...,xtb,l,Ytb,xtb+17...,x5|ogD/3)‘ < Babo.

delay-throughput trade-offs in mobile ad-hoc networks —t Patwo-
dimensional i.i.d. mobility models. Preprint, 2006.

APPENDIXA: AZUMA-HOEFFDING INEQUALITY

Lemma 3: Suppose thaXy,...,X, are independent random
variables, and there exists a constant O such thatf (X) =
f(Xa,..., %) satisfies the following condition for aniy and
any set of valuexy,...,x, andy; :

|f(Xl,...,Xifl,Xi,XH»]_,...,Xn)—

So from Lemma 3 provided in Appendix A, we can conclude FO, X, Yo Xig s, )| < c
that Then we have
v v = _952
Pr(Bi(X, A7) > E [Bi [X. A, Fi] - 35) Pr(|f(X)—E[f(X)]| > 8) <2 o .
> 1 2e 50 (16)

for any)~( andA;, and inequality (7) follows from inequalities
(14), (15) and (16). [ ]

V. CONCLUSION

Proof: A detailed proof can be found in [10]. [ ]

APPENDIXB: TWO-DIMENSIONAL RANDOM WALK
Consider a two-dimensional random walk on a unit torus

In this paper, we investigated the delay-throughput trad@ith 1 points. A node moves to one of eight neighboring
off in ad-hoc networks under a hybrid random walk moddloints or stays in the same points from one time slot to amothe
with fast mobiles, and showed that that the optimal delafS in Figure 3. We introduce following definitions.

throughput trade-off can be achieved using a joint coding-

scheduling scheme under some constraint®on

(1]

(2]

(3]

(4]

(5]

(6]
(7]
(8]

(9]

[20]

(1]

[12]

[13]
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Fig. 3.

Two Dimensional Random Walk

Transition matrixP: P= [R ;| whereR} is the probabil-
ity of moving from pointi to pointj.

Stationary distribution1 : A vector which satisfies the
equationrnP =T1.

Hitting time Ty (i,j) : Time taken for a node to move from
pointi to pointj.

« Mixing time Ty :

TmzirtﬁSLinJZ P -y < $,

whereP} is the (i,j)™ entry of P',

Lemma 4: Consider the two-dimensional random walk, we
have

E[Th(i,j)] = O(|10gS/S)

for anyi andj, and

Tm = O(‘ |09§/§2)~



which implies that
Proof: The proof of the hitting time result is presented 9 . 11 .

Lemma 14 of [3]. The mixing time result holds since the EDSZS E [ij [D]} < f)DS2
two-dimensional random walk can be decomposed into two ~ o ]
independent one-dimensional random walks, and the mixifg!ds for anyX. Then from the Azuma-Hoeffding inequality
time of a one-dimensional random walk on a circle witt§1 (Lémma 3), we have that
points isO(|log§ /). [

Lemma 5: LetN;; «[D] denote the number of visits to point
j in D time slots starting from point and ending at poink.

Pr(’NiX[D] _E[NJ,X[D]]‘ < 1900D§2> >1-2e 6%,

If D = w(|logd /&), we have for any X, and inequality (18) holds. n
9 - 11~
ZDE<E|N; <=
1 0D52 <E[N,«[D]] < 7 ODSZ. a7

If D= w(allogy/S), we further have

Pr(gDS <NyulD)< DF) 21-20 . (19

Proof: First we have

- Ni‘j'k[D]il | - .
Th(i,j) + Z Th(,i)+Th(j,k) =D,
|=

whereT, (j.j) is the time duration betwedi{' visits to pointj
and (1 + 1) visits to pointj. Taking the expectation on both
sides, we have

E[Th(i,1)]+E[Nij k[DIIE[Th(j, )] —E[Ta(i,i)] +E[Tn(i, k)] = D,
which implies
D —E[Tn(i,))] — E[Tn(, k)] +E[Tn(,])]
ETh(i.J)]

Inequality (17) follows from the facts thaE[Tx(i,j)] =
O(/10gS/&) andE[T(j,j)] = 1/%.

Next let x[t] denote the position of the node at
time slot t, X denote {x[t]} for t = 1,03 41 25 4

a a

1,...,.D— %,D, and X denote {x[t]} for t = ™S 4

~ ~ NG
1, m25‘4,...,min QW where m=0,...,a/$" — 1.
Further, letN; ¢[D] denote the number of visits to poingiven
X. It is easy to see that for any there exits a functiorfy

such that

E[Nij x[D]] =

N, x[D] = fx (xl,...,xa/g,l) ,

where{Xm} are mutually independent givet, Note thatXm
contains the position information from time sloDS*/a +1
to time slot(m+1)DS*/a, so

‘f;( (Xo, e ,mel;xm»Xerlw--»Xor/é“—l) -
f)N( (Xo,...,mel,Ym7Xm+1’---7Xa/§4—1)’ = DUS4'

Next note that DS*/a = w(|logS/$) when D =
w(|logS/S’), so from inequality (17), we can conclude that
for anyi, j andk,

908 __[y..[PS] . 11D8
10 a — ['7‘*“[”—1001’




