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ABSTRACT

Level-crossing analog-to-digital converters (LC ADCs) have
been considered in the literature and have been shown to ef-
ficiently sample certain classes of signals. One important as-
pect in their implementations is the placement of the reference
levels in the circuitry. In order to obtain samples, the levels
need to be appropriately placed within the input’s dynamic
range. In this paper we optimize the performance of LC ADC
by providing a sequential algorithm that adaptively updates
the reference levels to minimize distortion.

Index Terms— non-uniform sampling, level-crossing, adap-
tive, sequential update

1. INTRODUCTION

Level-crossing (LC) sampling has been proposed as an alter-
native to the traditional uniform sampling method [1]-[9]. In
this approach, signals are compared with a set of reference
levels and samples are taken on the time axis, indicating the
times at which the analog signal exceeded each of the asso-
ciated reference levels. This threshold-based sampling is par-
ticularly suitable for processing bursty signals, which exist in
a diverse range of settings from natural images to biomedical
responses to sensor network transmissions. They share the
common characteristic that information is delivered in bursts,
or temporally sparse regions, rather than in a constant stream.
Sampling by LC visibly mimics the behavior of such input
signals. When the input is bursty, LC samples also arrive in
bursts. When input is quiescent, fewer LC samples are col-
lected. One direct benefit of such sampling is that it allows for
economical allocation of resources. Unlike traditional sam-
pling circuits that consume a constant amount of power even
when input is quiescent, LC can offer higher instantaneous
bandwidth/precision when sampling is performed, hence res-
olution is improved without overall increase in bit rate or
power consumption.

1This work has been supported by the Office for Naval Research grant
N00014-0-1-0311.

It does not escape our attention that the advantages exhib-
ited by LC sampling in both data transmission and signal re-
construction hinge on the proper placement of reference lev-
els. Ideally, the levels are located such that information can
be optimally extracted. In the literature, the levels have typ-
ically been treated no differently from uniform quantization
levels [3] - [9], where their optimal allocation has received
scant consideration, with the noted exception quantization of
data that has already been sampled in time. Hence, optimal
placement of reference levels is the focus of this paper.

In order to obtain samples efficiently, the levels need to be
appropriately assigned in the ADC. When they are not within
the amplitude range of the input, no LCs are registered, hence
information is lost. On the other hand, when too many lev-
els are employed, more samples than necessary could be col-
lected, rendering the system inefficient. The source’s a pri-
ori distribution or its signal model can help to decide where
the levels should be placed. Such information however is of-
ten not available and/or difficult to obtain, furthermore, when
an implementation relies on an empirically obtained model,
mismatch between that and realistic scenarios has to be taken
into account. The more assumptions are made, the more jus-
tifications are needed later. In this work, we bypass making
use of statistic models and favor a universal approach - only
the input dynamic range is known. Inspired by seminal work
on zero-delay lossy quantization [10][11], we implement an
adaptive scheme that sequentially assigns levels in the ADC.
This scheme yields performance comparable to that of the
best within a family of constant schemes. In other words,
we can do almost as well as if the best hindsight scheme were
known at the start. Before delving into this implementation,
we will touch upon a conceptual design of the LC ADC.

2. AN ARCHITECTURE OF LC ADC

A range of publications have investigated the hardware imple-
mentation of asynchronous LC samplers [7][8] [9]. In partic-
ular the LC asynchronous ADC presented in [9] has a parallel
structure that resembles a flash-type ADC. The proposed ar-
chitecture is given in Figure 1, and it is the LC ADC we refer
to throughout this paper. Let us consider a B-bit (2B levels)
flash-type ADC of this design. It is equipped with an array
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Fig. 1. The design diagram of a B-bit flash-type LC ADC.

of 2B analog comparators that compare the input with corre-
sponding reference levels, l = {l1, · · · , l2B}. The reference
levels are implemented with a voltage divider. The compara-
tors are designed to be noise resistant, so at a reference level,
fluctuation due to noise will not cause chattering in the output.
The power consumption of such analog circuitry is dominated
by the comparators. In order to minimize power, at most N
of the 2B comparators are on at any moment. This can be ac-
complished by a digital circuit that regulates the power supply
and periodically updates the set of on comparators. The asyn-
chronous digital circuitry processes the output of the analog
circuitry, recognizes the proper times for each of the LCs, then
outputs a sequence of bits. The number of on comparators, N ,
and their respective amplitudes affect the performance of the
LC ADC. Ideally they are optimized jointly. However, for an-
alytical tractability, we temporarily suppress the variability of
N in our formulation.

The p-evel set L: During LC sampling, let p comparators
be turned on at any given time. Together these p comparators
form a level set, which is a subset of l. In our framework, this
set is updated every v seconds, i.e., at t = nv, n = 1, 2, · · · , a
new set of levels is picked and this new set of levels is repre-
sented as Ln = {Ln,1, · · · , Ln,m, · · · , Ln,p}, Ln,m ∈ l. Let
Lt denote the sequence of such level sets used up to time t,
i.e., Lt = (L0, L1, · · · , Ln, · · · , Lb t

v c), where each Li is a
set of p levels.

The ADC compares the input xt to the set of levels used
every τ seconds. Note that τ 6= v. The ADC records a level-
crossing with one of Ln,m if the following comparison holds
for a Ln,m,

(x(n−1)τ − Ln,m)(xnτ − Ln,m) < 0, m = 1, · · · , p.

Although the true crossing si occurs in the interval [(n −
1)τ, nτ), only its quantized value Q(si) is recorded, i.e., Q(si) =
(n − 1)τ + τ/2. The LC sample acquired by the ADC is

(Q(si), λi), where λi is the corresponding level crossed at
t = si, x(si) = λi ∈ Ln. Since λi is enunciated in l, it is
known with perfect precision. This is the key difference be-
tween quantization of LC samples from that of uniform sam-
ples: uniform samples are quantized in amplitude, LC sam-
ples are quantized in time.

Reconstructed signal and its error: Given a sequence
of reference levels Lt, sampling input xt with Lt produces
a set of samples Lc(xt, L

t) = {(Q(si), λi)}i∈Z+ . The cor-
responding reconstructed signal at time t, using a piecewise
constant (PWC) approximation scheme, is given by

x̂t(Lt) =
∑

i

λi [u(t−Q(si))− u(t−Q(si+1))] , 0 ≤ t ≤ T,

(1)
where u(t) is a unit step function, i.e., u(t) = 1 when t ≥ 0
and u(t) = 0 otherwise. It is entirely possible that Lc(xt, L

t)
produces an empty set if no crossings occur between levels
sets and xt, which means no information has been captured.
As such, finding an appropriate sequence of reference levels
is essential. The reconstruction error over an interval of T is
given by

e(LT ) =
∫ T

0

(
xt − x̂t(Lt)

)2
dt. (2)

From (1) and (2), it is clear that the MSE e(LT ) is a function
of the chosen sequence of reference levels LT . As such, it
will be minimized with respect to LT .

3. GETTING THE BEST HINDSIGHT
PERFORMANCE SEQUENTIALLY

Before providing a sequential scheme that searches for lT ,
we will discuss the shortcomings of a constant (non-adaptive)
scheme. When levels are not updated, we pick a set L0 of
p levels at t = 0, and use it for the entire sampling duration
T . The best constant reference level is one that minimizes the
MSE among the class of all possible p-level sets L. It can be
obtained by evaluating the following optimization problem:

L∗0 = arg min
L0∈L

∫ T

0

(xt − x̂t(L0))2dt. (3)

Evaluating (3), however, requires a delay of T seconds. In
other words, the best constant level set L∗0 is only known in
hindsight; it cannot be known a priori at the start. Without
statistical knowledge of the input, optimizing performance
while using a constant scheme is not feasible and a zero-delay
and sequential algorithm may be more appropriate.

3.1. A continuous-time sequential algorithm (CSA)

A sequential scheme is implemented with the goal that its
performance will be comparable to that of the best constant
scheme known in hindsight. The algorithm for CSA is given
below.
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Initialize Initialize constant η, η > 0 ; initialize update inter-
val v; N = bT

v c;
Initialize reconstruction to 0, x̂0 = 0; initialize cumu-
lative errors to zero, ek

0 = 0, k = 1, · · · , |L|;

Compute weights and update At t = nv, update the cumu-
lative errors associated with each level set Lk,

ek
nv = ek

(n−1)v +
∫ nv

(n−1)v

(xt − x̂t(Lk))2dt, ∀k. (4)

Update the weights such that

wk
nv =

exp
(−ηek

nv

)
∑|L|

j=1 exp
(
−ηej

nv

) , ∀k. (5)

At t = nv, select Ln according to the PMF

Pr(Ln = Lk) = wk
nv, k = 1, · · · , |L|. (6)

Sample Use the selected set Ln to sample xt in the inter-
val [nv, (n + 1)v). Let {Q(si), λi}i∈In

be the sam-
ple set obtained by sampling xt with Ln in the interval
[(n− 1)v, nv), it is used to update reconstructed signal
x̂t(Lnv

csa).

3.2. Asymptotic convergence of the sequential algorithm

For clarity, we reiterate the setup here. Let LT
csa be a sequence

of levels chosen by CSA up to time T . Let x̂t(LT
csa) be the

reconstructed signal obtained by sampling xt with LT , and let
the expected MSE be given by

E[eT (LT
csa)] = E

[∫ T

0

(
xt − x̂t(LT

csa)
)2

dt

]
.

We note that the expectation in here is with respect to the PMF
generated by the algorithm.

Theorem 1. For any bounded input xt of length T, |xt| ≤ A
2 ,

and for fixed parameters eta and v, LC sampling of xt using
CSA, yields performance that on average approaches that of
the best fixed scheme, i.e.,

1
T

(
E[eT (LT

csa)]− e(L∗0)
) ≤ ε1

T
+ ε2, (7)

where both ε1 and ε2 are constants independent of length T ,

ε1 = ln |C|
η and ε2 = ηA4v

8 .

See the Appendix for the proof of (7).

3.3. A digital approximation

In practical implementations where selection of reference lev-
els is performed by a digital circuit, such as suggested by
Figure 1, it is necessary to compute the cumulative errors
(4) in the digital domain. As such, the continuous-time re-
construction error et(Lt) formulated in the previous section
needs to be approximated digitally, i.e., the continuous-time
integration in (4) needs to be replaced by discrete-time sum-
mation. One approach is to approximate the reconstruction
error et(Lt) with regular sampling and piecewise constant (or
piecewise linear) interpolation. Furthermore, computation of
the cumulative errors requires knowing the actual xt, how-
ever, the original signal xt is unknown (otherwise we would
not need a converter). As such, the feasibility of this type
of sequential algorithm hinges on our ability to procure xt in
some fashion.

Assume that we periodically obtain quantized input to com-
pute approximate versions of the cumulative errors. Once
every µ seconds, all of the 2B comparators are turned on.
The value of µ is selected so that τ ¿ µ ¿ v, τ is the
sampling period of the comparators and v is the interval be-
tween updates. Once a level is crossed by the input signal,
the comparator associated with that level changes its output,
then its corresponding digital trigger identifies the change and
send the information to the digital circuitry that controls the
comparator’s power supply. As such, it can periodically (ev-
ery µ seconds) provide a quantized input x̃mµ = QB(xmµ),
|x̃mµ − xmµ| ≤ δ

2 . In our LC ADC, p comparators are on
at any moment. By requesting all comparators be turned on
every µ seconds, we in effect power up (2B − p) extra com-
parators every µ seconds. Since the extra comparators are
only turned on for a small fraction of time, they likewise only
consume a small fraction of the overall power. The approxi-
mated cumulative error ẽt(Lk) can be evaluated as follows,

ẽT (Lk) =
NM∑
m=0

(x̃mµ − x̂mµ(Lk))2 · µ. (8)

Other schemes such as nonuniform sampling in conjunction
with splines or cubic polynomial interpolation can be used as
well, depending on the underlying statistics and bandwidth of
the signal xt. The 0th order Riemann sum approximation in
(8), though conservative, serves well in the absence of such
information. Next we introduce the discrete-time sequential
algorithm (DSA).

Initialize Initialize constant η, η > 0 ; initialize update inter-
val u; N = bT

v c;
Initialize reconstruction to 0, x̂0 = 0; initialize cumu-
lative errors to zero, ek

0 = 0, k = 1, · · · , |L|;

Compute weights and update At t = nv, update the cumu-
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lative errors associated with each level set Lk,

ẽk
nv = ẽk

(n−1)v+
nM−1∑

m=(n−1)M

(x̃mµ−x̂mµ(Lk))2 ·µ, ∀k.

(9)
Update the weights such that

w̃k
nv =

exp
(−ηẽk

nv

)
∑|L|

j=1 exp
(
−ηẽj

nv

) ,∀k. (10)

Sample Select Ln according to the PMF

Pr(Ln = Lk) = w̃k
nv, k = 1, · · · , |L|. (11)

Use the selected set Ln to sample xt in the interval
[nv, (n + 1)v). Update the reconstructed signal,

x̂t(Lnv
dsa) = x̂t(L

(n−1)v
dsa ) + (12)∑

i∈In

λi[u(t−Q(si))− u(t−Q(si+1))],

where {Q(si), λi}i∈In is the sample set obtained in the
interval [(n− 1)v, nv).

The approximation error redistributes the PMF Pr(Ln), and
as a result, a different sequence of levels could be selected for
sampling. Here we quantify the deviation and show that the
effect of approximation becomes negligible as signal length
increases. In other words, the regret terms in Theorem 1
remain unchanged even when the cumulative errors are ap-
proximated. Let LT

dsa be a sequence of levels chosen by the
discrete-time algorithm. Let x̂t(LT

dsa) be the reconstructed
signal obtained by sampling xt with LT

dsa, and let the ex-
pected MSE be given by

E[eT (LT
dsa)] = E

[∫ T

0

(
xt − x̂t(LT

dsa)
)2

dt

]

. Furthermore, let ∆0 represent the difference between the
continuous-time and discrete-time cumulative errors, ∆0 =
|eT (L∗0)− ẽT (L∗0)|, then eT (L∗0) = ẽT (L∗0) + ∆0.

Theorem 2. For any bounded input xt of length T , |xt| ≤ A
2 ,

and fixed parameters η and u, reconstruction of input using
the discrete-time sequential algorithm (DSA) incurs MSE that
is bounded by

1
T

(
E[eT (LT

dsa)]− ẽT (L∗0)
) ≤ ∆0

T
+

ε1
T

+ ε2, (13)

where both ε1 and ε2 are constants independent of length T ,

ε1 = ln |C|
η and ε2 = ηA4v

8 .

See Appendix 6.2 for the proof. The parameter ∆0 mea-
sures the distortion due to approximation. A meaningful bound
on this distortion can be easily determined with some infor-
mation on the characteristics of xt.

4. SIMULATION RESULTS

In this section we test the sequential algorithms introduced
in Section 3 on a set of surface electromyography (sEMG)
signals. We observed a set of electromyography (EMG) sig-
nals, where each is an utterance of a word, i.e., “one”, “two”,
“three”, and etc. A sample signal is given in Figure 2, which
is about 12 seconds long and utters three words. The given
signal has already been processed by an ADC, i.e., it is uni-
formly sampled (at above Nyquist rate) and converted into
digital format. Such signals have low bandwidth, ranging
from 20 - 200Hz. A sampling rate of 2000 samples per sec-
ond is used, fs = 2000 Hz, and samples are quantized with a
16-bit quantizer. Since the sEMG measures the voltage differ-
ence between recording electrodes, the signal amplitude has
unit of volts (V). The range of the test signals is known to be
confined to±0.2V. As such, each sequence of data is bounded
between ±0.2 numerically.

We emulate a 4-bit flash-type LC ADC, like the one shown
in Figure 1. Test signals are LC-sampled using two levels at
a time (p = 2), chosen from a larger set l of 15 levels,

l = {±0.175, ±0.15, ±0.125, ±0.1, ±0.075, ±0.05, ±0.025, 0}.
In other words, only 2 comparators are turned on at any mo-
ment. The levels are updated every 100 samples according
to DSA, or approximately every v = 10 ms. A piecewise-
constant reconstruction scheme is employed, and the normal-
ized MSE (measured in V 2) for the entire signal duration is
computed. The signal duration is also taken from 2000 to
13000 samples, at increments of 1000 samples. The result
of DSA is compared to the MSE using the best hindsight bi-
level. We see in Figure 3 that as the length of input gets larger,
the sequential algorithm learns about the input along the way,
and its performance closely follows that of the best constant
scheme, as predicted by (13).

Furthermore, we see in the Figure 4 that the number of LC
samples varies with input. Starting around the 3000th sample,
and ending at around 9000th sample, LC ADC does not pick
up many samples. This can be explained when we look at
the sample signal in Figure 2. The utterance occurs before
the 3000th sample, after that the speaker paused till about the
9000th sample, with ambient noise in between. LC’s innate
adaptiveness to signal prevents it from pick up many more
samples during quiescent interval where there is no informa-
tion, and there lies its efficiency. On the other hand, con-
ventional sampling obtains samples at regular intervals, re-
gardless of occurrences in the input. This result reiterates our
intuition: by sampling strategically, LC is more efficient than
uniform sampling of bursty signals.

5. SUMMARY AND FUTURE WORK

In this paper, we addressed the essential issue of level place-
ment in a LC ADC, and showed the feasibility of a sequential
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Fig. 2. A 12-second sample input signal, where each burst is
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and adaptive implementation. Instead of relying on a set of
fixed reference levels, we sequentially update the level set us-
ing cumulative MSE. In the performance analysis, we have
shown that as signal grows in length, the sequential algorithm
asymptotically approach that of the best choice within a fam-
ily of possibilities. Our ongoing work is to extend the ran-
domness of sampling. Instead of updating the levels regularly,
they will be updated randomly, according to a probability that
captures the momentary statistics of the signal. This will fur-
ther increase the efficiency that comes with letting the signal
dictate where and when to sample.

6. APPENDIX

6.1. Proof for Theorem 1

Proof. The proof follows that of [10]. For convenience, let
T = Nu. At time T , the normalized cumulative error from
sampling using a fixed level set is

ek
T =

1
T

∫ T

0

(xt − x̂t(Lk))2 dt, (14)

and the best choice of Lk will yield the minimum MSE, e∗ =
mink ek

T . If a sequential algorithm is used, the sequence of
levels used is denoted by LT = {L0, L1, · · · , LN−1}. The
associated normalized cumulative error is expressed by

eT =
1
T

N−1∑
n=0

∫ (n+1)v

nv

(xt − x̂t(Lk))2 dt. (15)

Step 1: Let ST =
∑|L|

k=1 e−ηek
T , and initialize e0 = 0, then

the following inequality can be derived:

ln
ST

S0
≥ lnmax

k
e−ηek

T − ln |L| = −ηe∗T − ln |L|. (16)
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Step 2: On the other hand, ln ST

S0
=

∑N−1
n=0 ln S(n+1)v

Snv
. It

follows that

ln
ST

S0
=

N−1∑
n=0

ln
|L|∑

k=1

(
e−ηek

nv

∑|L|
k=1 e−ηek

nv

e−η 1
Nv

∫ (n+1)v
nv

(xt−x̂t(Lk))2dt

)
,

ln
ST

S0
=

N−1∑
n=0

ln E
(
e−η 1

Nv

∫ (n+1)v
nv

(xt−x̂t)
2dt

)
. (17)

By Hoeffding’s Inequality, E[esx] ≤ esE[x]+s2R2/8 holds for
any bounded random variable x with range R, and s ∈ R. Us-
ing this inequality, Eq.(17) can be shown to be upper-bounded
by

ln
ST

S0
≤

N−1∑
n=0

−ηE

[
1

Nv

∫ (n+1)v

nv

(xt − x̂t)2dt

]
+

η2R2

8
. (18)

By combining (16) and (18), the following inequality holds,

E[eT ] ≤ e∗T + ln |C|/η + NηR2/8. (19)

Step 3: R represents the range of normalized MSE over an

interval of u, i.e., 1
Nv

∫ (n+1)v

nv
(xt − x̂t)2dt. Its magnitude is

affected by the choice of levels and the reconstruction scheme
sued, and it is upper-bounded by A2·v

Nv . As such, the last term

of (19) is bounded by N η
8

(A2v)2

(Nv)2 = ηA4v
8T . Let ε1 = ηA2v/8,

and let ε2 = ln |C|/η, Theorem 1 follows.

6.2. Proof of Theorem 2

The proof of Theorem 2 follows that of Theorem 1.
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