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Abstract

This paper derives fundamental performance bounds for statistical estimation of parametric surfaces embed-
ded in R3. Unlike conventional pixel-based image reconstruction approaches, our problem is reconstruction
of the shape of binary or homogeneous objects. The fundamental uncertainty of such estimation problems
can be represented by global confidence regions, which facilitate geometric inference and optimization of
the imaging system. Compared to our previous work on global confidence region analysis for curves (2-D
shapes), computation of the probability that the entire surface estimate lies within the confidence region is
more challenging, because a surface estimate is an inhomogeneous random field continuously indexed by a
2-D variable. We derive an asymptotic lower bound to this probability by relating it to the exceedence prob-
ability of a higher-dimensional Gaussian random field, which can in turn be evaluated using the tube formula
due to J. Sun. Simulation results demonstrate the tightness of the resulting bound and the usefulness of 3-D
global confidence region approach.
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1 Introduction

The problem of representing and reconstructing surfaces embedded in R3 has been a classical topic in

computer vision, medical imaging, and graphics. A variety of representation techniques have been used

to this effect; for example, nonuniform rational B-splines surfaces (NURBS) [1], extended Gaussian images

(EGI) [2], or generalized cylinders [3]. A surface S is a two-dimensional (2-D) manifold in R3:

S = s(Ψ)
4
= {s(t) : t ∈ Ψ} ⊂ R3 (1.1)

where Ψ, the domain of the surface coordinates, is a 2-D subset of R2, with nonzero area.

We consider the following generic statistical model for the reconstruction of a surface S given a collection

of M noisy data y , {ym, 1 ≤ m ≤ M}, which are independently (but not necessarily identically) distributed

as:

ym ∼ pm(·|S), ym ∈ Ym, m = 1, . . . , M. (1.2)

Here M is the number of measurements, Ym denotes the observation space for the m-th component ym of the

data vector, and pm(·|S) is the probability density function (pdf) for ym conditioned on S. Such problems

are encountered in applications such as computer vision, computed tomography (CT), deconvolution, syn-

thetic aperture radar (SAR), and nonlinear inverse scattering. The measurement model (1.2) encompasses

situations of multisensor fusion or multimodality measurements, where different components of the data

vector are produced at different times and/or locations. Each sensor may have its own measurement space.

For example, a photon-counting device and an acoustic sensor would have respectively the set of natural

numbers and the set of real numbers as their measurement space. The problem of estimating the manifold

S given the finite-dimensional observation vector y is generally ill-posed.

To alleviate the ill-posedness of the estimation problem, we adopt a parametric surface representation:

s(t) = s(t;θ), t ∈ Ψ, (1.3)

where the K-dimensional parameter vector θ =
[
θ1 · · · θK

]T belongs to a subset Θ of RK . The mapping

s : Ψ×RK → R3 of (1.3) can be nonlinear. The surface estimation problem is thus reduced to the estimation

of the parameter θ from y, where the two are related via the probability law p(y|θ) induced by (1.2) and

(1.3). With a little abuse of notation, we write

ym ∼ pm(·|θ), ym ∈ Ym, m = 1, . . . , M. (1.4)

Our goal in this paper is to develop tools for the prediction and assessment of the quality of the resulting

plug-in estimator s(t; θ̂). Although the well-known Cramér-Rao inequality [4] can be used to predict and
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assess the quality of the parameter estimator θ̂, one is more interested in assessing the quality of estimates

in easily interpreted geometric terms. A natural goal in this regard is the construction of a global confidence

region in the form of a shell around the true surface. The shell would be guaranteed to contain the entire

estimated surface with a specified probability. Such confidence regions are useful to assess what accuracy

can be expected around any given location, which features of the surface are difficult to estimate, what is

the effect of different parameterizations and data collecting geometries, etc.

Global confidence regions were developed in our recent work on parametric curve estimation [5]. There

we proposed a technique for constructing small-size global confidence regions in the asymptotic regime where

the estimate is unbiased, efficient, and Gaussian, and derived bounds on the probability that the entire

boundary estimate lies in the global confidence region. As illustrated in Fig. 1, these confidence regions

take the form of an uncertainty band Uβ that is easily visualized. The parameter β trades off the size of

the uncertainty band against the confidence level, i.e., the probability that the estimated shape belongs to

that band. Larger β provides a higher confidence level at the cost of a wider Uβ , so that the estimate is

less localized. Typically β would be chosen for a confidence level of 95% or 99%. The usefulness of the

global confidence region analysis has been demonstrated in imaging applications such as nonlinear inverse

scattering problems, computed tomography, Fourier imaging, deconvolution, computer vision, and discrete

tomography [6, 7, 8, 9].

There are significant difficulties, however, in extending this work to surface estimation. The main one is

that the surface estimate ŝ(t) = s(t; θ̂) is a random field continuously indexed by a 2-D variable t ∈ Ψ. In

the aforementioned paper [5], the curve estimator is a random process indexed by a 1-D variable. The basic

mathematical problem solved there was the derivation of the level-crossing probability of an inhomogeneous,

correlated χ2
2 random process [5, Eqn (42)]. 1 The problem treated in this paper may analogously be

formulated as the derivation of the level-crossing probability of an inhomogeneous, correlated χ2
3 random

field. However extending the techniques used in [5] appears to be very difficult.

Instead, we have discovered that an elegant body of theory [10, 11] with roots dating back to Weyl and

Hotelling’s work on differential geometry in the 1930’s [12, 13] is applicable to our problem. This is done

in three steps. First we convert our level-crossing probability problem to an exceedence probability problem

for an asymptotically Gaussian random field defined over a (r + 1)-D index set, where r is the rank of the

Jacobian of the parameterized surface. Second, we establish the validity of a Gaussian approximation to this

random field, for the purpose of evaluating the exceedence probability. This probability is a functional of a

new (r +1)-D manifold in RK , which we term representation manifold, and is determined by the parametric

representation of S and by the observational model. The exceedence probability may then be computed
1Where χ2

d denote the chi-square distribution with d degrees of freedom, i.e., the sum of d iid squared normal random
variables.
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using the tube formula due to Jiayang Sun [10, 11], under some technical assumptions on the surface S.

This paper is organized as follows. Section 2 provides motivational examples of parametric shape re-

construction. In Section 3, we review Cramér-Rao bounds and the concept of confidence regions for shape

estimation. Section 4 derives our main results. Monte Carlo simulations in Section 5 suggest that the

approximate bound is quite tight. Conclusions are presented in Section 6.

1.1 Notation and Mathematical Preliminaries

We denote random variables by uppercase letters, and specific values by lowercase letters. For vectors and

matrices, we use boldface notation; IK denotes the K ×K identity matrix. We use the superscripts T and

H for the transpose and Hermitian transpose of a vector or matrix, respectively. The symbol E denotes

mathematical expectation, and ∇T
θ the Jacobian of a vector-valued function with respect to θ (same as

the transposed gradient in the case of a scalar function). The symbol f(x) ∼ g(x) as x → x0 means

that limx→x0
f(x)
g(x) = 1. Likewise, f(x) & g(x) indicates that limx→x0

f(x)
g(x) ≥ 1. The “small oh” notation

f(x) = o(g(x)) means that limx→x0
f(x)
g(x) = 0. The “big oh” notation f(x) = O(g(x)) as x → x0 means that

limx→x0
f(x)
g(x) is finite. In this paper, the limiting value can always be identified, but its expression may be

tedious. A function is said to be Ck if it is k times continuously differentiable.

A random field on a topological space T is a collection of random variables X(τ ), τ ∈ T . A Gaussian

random field is a random field whose finite-dimensional distributions are multivariate Gaussian. If a real-

valued Gaussian random field defined on a subgroup T of RN has constant mean and its covariance function

CX(τ 1, τ 2) = E [X(τ 1)X(τ 2)] only depends on τ 1 − τ 2, the field is said to be homogeneous; otherwise, it is

inhomogeneous.

The Gamma function is defined as

Γ(a) =
∫ ∞

0

e−yya−1dy, a ∈ R, (1.5)

and the incomplete Gamma function as

Γ(a, x) =
1

Γ(a)

∫ x

0

e−yya−1dy, a ∈ R, x ≥ 0. (1.6)

Recall that Γ(1/2) =
√

π and Γ(a + 1) = aΓ(a). For large x, we have the asymptotic equality [14]

1− Γ(a, x) ∼ 1
Γ(a)

xa−1e−x as x →∞. (1.7)

2 Motivational Examples

2.1 Laser Range Data Fitting

Consider the laser scanning experiment depicted in Fig. 2, where a laser range sensor located at distance

R from the z-axis with its line-of-sight vector L perpendicular to the z-axis, measures the distance to the
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surface of an object. The laser sensor rotates around the the z-axis, translating in parallel to the z-axis

after each revolution. (In some applications the object will rotate instead, but this difference is, of course,

immaterial to our problem). The surface S = {s(t;θ), t ∈ Ψ} of the object is assumed to be representable

in cylindrical coordinates :

s(t; θ) =
[
g(t;θ), φ, z

]
, t = (φ, z) ∈ Ψ (2.1)

where g(t; θ), φ and z respectively denote the radial, azimuthal, and vertical coordinates of points on the

surface. Here g is a known function2. The goal is to fit the range-data by the model (2.1). Such range-

data fitting problems are often encountered in computer aided design (CAD) applications. When the object

admits a CAD model, the range-data fitting problem can be directly reduced to the estimation of the 3-D

CAD parameter θ.

The measurement at scanner location tm = (φm, zm) is ỹm = R − g(tm;θ)− wm ,m = 1, · · · ,M, where

we assume that R ≥ g(tm;θ) (i.e., the sensor remains outside the object for all m), and wm is a random

measurement error. Eliminating the known R, we redefine the measurement as ym = R− ỹm,

ym = g(tm; θ) + wm , m = 1, · · · ,M . (2.2)

Note that in this example, the measurement space is Ym = R for all m. Assuming that the random variables

{wm} are independent zero-mean Gaussian with variance σ2
m, the pdf of the measurement vector y = {ym}

given θ is given by

p(y|θ) =
M∏

m=1

1√
2πσm

exp
(
− 1

2σ2
m

|ym − g(tm;θ)|2
)

. (2.3)

The imaging goal is to estimate the surface S from the object and measurement models (2.1) and (2.3).

Consider the linear parametric model

g(t, θ) =
K∑

k=1

θkµk(t) , t ∈ Ψ (2.4)

where {µk(t), t ∈ Ψ}K
k=1 is an separable B-spline basis. Observe from (2.2) and (2.4) that the measurement

vector y is linearly related to the unknown parameter θ. The estimation accuracy depends on the basis

{µk(t), t ∈ Ψ}K
k=1 used for the parametrization, as well as on the sampling points tm = (φm, zm). A global

confidence region analysis provides a geometric interpretation of the effects of parameter uncertainty, choice

of basis, and sampling locations. Such an analysis could therefore be used to optimize the measurement

system.
2In the absence of prior information about S, the estimation problem would be ill-posed because its solution is nonunique:

if Ŝ is a solution, then so is any other surface that coincides with Ŝ at the measurement locations {tm}.
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2.2 3-D Fourier Imaging

3-D Fourier imaging arises in inverse problems such as 3-D magnetic resonance imaging (MRI) without slice

selection (k-space imaging), coherent imaging by a 3-D sensor array with the object in the Fraunhoffer region,

diffraction tomography, and synthetic aperture radar (SAR) imaging [15].

The general imaging equation for these problems is in the form of a 3-D Fourier transform:

g(k) =
∫

F
I(r)e−i2πk·rdr , (2.5)

where I(r) denotes the unknown 3-D image, r ∈ R3 and k ∈ R3 denote coordinates in the spatial domain

and k-space, respectively, and the integration domain F ⊂ R3 is the field of view. The measurements are

given by ym = g(km) + wm, m = 1, · · · ,M , where the measurement errors wm are modeled as independent

Gaussian random variables.

Now suppose the image I(r) in (2.5) is given by

I(r) =
{

I1 : r ∈ D
I2 : r ∈ F \ D (2.6)

where I1 and I2 are known values, and D is an unknown domain strictly contained in F , with boundary

∂D. Such problems are encountered in imaging objects with homogenous material properties, such as a

contrast-filled heart chamber in MRI, or man-made objects in nondestructive evaluation. For this type of

problem, we are more interested in recovering the geometry of objects rather than their material properties.

Therefore, one might expect that there exists a simpler way of directly reconstructing geometry by skipping

the traditional step of image estimation.

The discrete constraint in (2.6) is strong prior information and drastically reduces the sampling re-

quirements. For example, in a discrete tomography problem [16], which addresses the reconstruction of a

discrete-valued function from its projections, theoretical and practical results have demonstrated that two

or four projections are sufficient for high quality reconstruction of objects [16]. To further reduce sampling

requirements, one may parameterize the geometry and convert the problem into a parameter estimation

problem. More specifically, the boundary of the object is now parameterized using a finite dimensional

unknown vector θ:

S , ∂D = {s(t; θ) , t ∈ Ψ} ⊂ R3.

The imaging problem is therefore reduced to estimation of θ given the measurement vector y.

As an example, consider imaging of a torus. The position and orientation of any solid object in space

are described by five parameters: a translation vector p ∈ R3 and two angles φ and ψ. A torus is described

by the radius Rt of the tube, and the distance Ra of the center of the hole to the (circular) axis of the tube.

Any point on the surface of the torus may be represented in torus-centric coordinates by a pair of angles
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t = (u, v) ∈ Ψ = [0, 2π]× [0, π]. Therefore the torus may be represented as

s(t) = Rx(φ)Ry(ψ)




(Ra + Rt cos v) cos u
(Ra + Rt cos v) sin u

−Rt sin v


 +




px

py

pz


 (2.7)

where Rx(φ) and Ry(ψ) are rotation matrices with respect to the x and y axes with angles φ and ψ,

respectively. Hence the torus is described by seven parameters:

θ =
[
φ ψ Rt Ra px py pz

]T
. (2.8)

For example, Fig. 7(a) shows the torus with parameters

θ =
[

π
6 0 2 15 5 3 5

]T
. (2.9)

In contrast to the previous example, the shape depends nonlinearly on θ, and the measurements de-

pend nonlinearly on the geometric parameters. The measurements are obtained by uniformly sampling the

(kx, ky, kz) cube, [−0.5, 0.5]3. Let M = n3 be the total number of samples acquired. The i-th sample along

any coordinate axis, say in the kx direction, is located at

kx(i) =
i + 1
n + 1

− 1
2
, i = 0, · · · , n− 1. (2.10)

We choose n to be odd so as to include the DC component of the Fourier transform. If some of the seven

parameters above are known, then θ is made of the remaining parameters. For instance, K = 6 and

θ = [φ, ψ, Ra, px, py, pz]T if the ratio ρ = Rt/Ra is known.

Our global confidence region analysis can be used to precisely analyze the effects of sampling resolution

and model order on the overall uncertainty for the estimated torus shape.

3 Fundamental Performance Bounds

3.1 Regularity Conditions

The results derived in this paper hold under some technical conditions, which are summarized below. These

conditions are widely used to prove asymptotic properties of point estimators [17] and are sometimes con-

servative. The simplest special case is that of a model (1.2) with conditionally independent and identically

distributed (iid) components ym, 1 ≤ m ≤ M . While the results are easily interpreted in this case, the iid

model is quite restrictive. We do not require an iid model; our regularity conditions are listed below.

(A1) For each m, the pdf’s in the family {pm(ym|θ), θ ∈ Θ} of (1.4) are distinct and have common support.

(A2) The pdf’s pm(ym|θ) are three times differentiable with respect to θ.

(A3) There exist functions Ajkl such that
∣∣∣ ∂3

∂θj∂θk∂θl
ln pm(ym|θ)

∣∣∣ ≤ Ajkl(ym), where E[Ajkl(ym)|θ] < ∞
for all j, k, l, m.
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(A4) The (K ×K) Fisher information matrix for each pm(·|θ),

Iθ,m = E
{∇θ ln pm(ym|θ)∇H

θ ln pm(ym|θ)
}

, 1 ≤ m ≤ M, (3.1)

has bounded entries. Moreover, the normalized sum

1
M
Iθ =

1
M

M∑
m=1

Iθ,m =
1
M
E

{∇θ ln p(y|θ)∇H
θ ln p(y|θ)

}
(3.2)

exists, has full rank for all M large enough, and converges to a limit I∗θ as M →∞.

In (3.2), Iθ is the Fisher information matrix for θ, and ln p(y|θ) is the loglikelihood function. The limiting

property (I∗θ) is automatically satisfied in the case of iid components. Then Iθ,m = I∗θ for all m.

For the example of Sec. 2.1, the measurement noise is Gaussian, and we have

Iθ =
M∑

m=1

1
σ2

m

∇θg(tm;θ)∇H
θ g(tm; θ).

Each Iθ,m has rank one, and so a necessary condition for Iθ to be full rank is that M ≥ K. If M is large and

samples at locations tm are acquired densely according to a distribution λ(t), then the normalized Fisher

information converges to the limit I∗θ =
∫
Ψ

1
σ2(t)∇θg(t; θ)∇H

θ g(t;θ)λ(t) dt.

We further make the following assumptions on the surface parameterization.

(A5) The index set Ψ is a compact subset of R2.

(A6) The transposed Jacobian of the surface with respect to θ,

B(t; θ)
4
= ∇θs(t;θ) ∈ RK×3, (3.3)

exists and has bounded entries.

(A7) For each θ, the mapping s(·, θ) is C3 (and is therefore bounded, owing to (A5)).

(A8) For each θ, the rank of B(t; θ) is independent of t (except possibly on a set Ψzero of measure zero).

Following (A8), we define the set Ψ , Ψ \ Ψzero and denote the rank of B(t; θ) over Ψ by r. While r

could conceivably depend on θ, this level of generality only complicates notation, so we shall assume that r

is independent of θ. Since B(t; θ) ∈ RK×3, we have r ≤ 3. The case r < 3 is not just a degenerate case; in

the laser scanning example of Sec. 2.1, we have

B(t; θ) =
[∇θg(t;θ), 0, 0

]
, t ∈ Ψ (3.4)

and therefore r = 1. Finally, due to (A7), the matrix-valued function B(·;θ) is C3 for all θ.
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3.2 Cramér-Rao Bound

We begin by briefly reviewing well-known results in parameter estimation, establishing some of our notation

along the way [17]. If θ̂ is any unbiased estimator of θ, then (subject to the regularity conditions above 3 )

its error covariance matrix is lower-bounded by the CRB matrix Cθ,

E
[
θ̂ − θ

] [
θ̂ − θ

]T

≥ Cθ
4
= (Iθ)−1

, (3.5)

where the symbol A ≥ B indicates that the matrix A − B is positive semidefinite. The Fisher information

matrix Iθ was defined in (3.2).

The CRB on θ can be used to provide a geometrically more meaningful bound on the performance of a

surface estimator. Suppose ŝ(t) = s(t; θ̂) denotes an unbiased estimate of the unknown surface s(t) = s(t;θ)

at a given point t ∈ Ψ. Then, we have the following pointwise bound, bounding the error at each point

t ∈ Ψ [17]:

E
[
s(t; θ̂)− s(t; θ)

] [
s(t; θ̂)− s(t; θ̂)

]T

≥ Ce(t, t). (3.6)

Here the 3× 3 matrix

Ce(t, t) , B(t; θ)T CθB(t;θ), t ∈ Ψ. (3.7)

is the inverse of the Fisher information matrix for s(t; θ), and B(t; θ) is the surface Jacobian, defined in

(3.3).

3.3 Asymptotics of the Maximum-Likelihood Estimator

Importantly for our applications, in addition to its role as a fundamental bound on any unbiased estimator,

the covariance matrix Cθ can be used to characterize the asymptotic performance of the maximum-likelihood

estimator (MLE)

θ̂ML = arg max
θ∈Θ

p(y|θ). (3.8)

Under regularity conditions, the MLE enjoys several optimality properties. It converges in probability to

the true θ [17]: for any ε > 0, we have

lim
M→∞

Pr[‖θ̂ML − θ‖ > ε] = 0. (3.9)

The MLE is also asymptotically unbiased, efficient, and Gaussian distributed [17, 4, 20]. Specifically, assum-

ing the regularity conditions of Sec. 3.1 on the measurement model (1.4), θ̂ML converges in distribution to

a Gaussian distribution:

θ̂ML ∼ N (θ,Cθ) . (3.10)
3The CRB can be extended to situations, arising for example in the case of the Fourier descriptor parameterization for closed

curves [6], where the parameterization is redundant, but additional constraints are available to remove the redundancy. In such
situations, although the Fisher information matrix is singular, a modified expression for the CRB is available [18, 19, 9].
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Furthermore, (3.10) holds nonasymptotically if the measurement model is linear, i.e., y = Hθ + W, and

W is Gaussian noise. In this case, the MLE is the linear least-squares estimator, and the error covariance

matrix is

Cθ =
(
HT H

)−1
HT CWH

(
HT H

)−1
, (3.11)

independently of θ. Here CW denotes the noise covariance matrix.

Next we turn our attention to ML estimation of the surface itself. Owing to the invariance property of

the MLE with respect to nonlinear operations [17], we have

ŝML(t) = s(t; θ̂ML), t ∈ Ψ . (3.12)

It follows that the estimator s(t; θ̂ML) enjoys the optimality properties of the MLE. The surface estimation

error e(t) , s(t; θ̂ML)− s(t; θ) converges in distribution to a Gaussian random field with mean zero and C3

covariance function

Ce(t, t′) = BT (t;θ)CθB(t′; θ), t, t′ ∈ Ψ. (3.13)

Recall that Ce(t, t) appeared in the pointwise bound of (3.6). Since B(·;θ) is C3, so is Ce(t, t).

3.4 Asymptotic Local and Global Confidence Regions for the MLE

Next, to set up the problem and its solution, we summarize some background material from our previous

work on global confidence regions [5]. At each location t ∈ Ψ, we can derive a confidence region for the

maximum-likelihood estimator s(t; θ̂). A confidence region is the likely range of the true value, and gives

an indication of how much uncertainty there is in our estimate. The smaller the region, the more precise

the estimate. Confidence regions are expressed in terms of a confidence level – the probability that the true

value lies within the confidence region.

For a fixed t, a confidence region Uβ(t) for ŝ(t;θ) at confidence level α ∈ [0, 1] is any subset of R3 such

that

Pr {ŝ(t) ∈ Uβ(t)} ≥ α . (3.14)

If ŝ(t) ∼ N (s(t),Ce(t, t)), then of all possible choices of Uβ(t) for each specified α, the smallest size

confidence region is an ellipsoid in R3 [21] with lengths of the semi axes equal to β times the square root of

the eigenvalues of Ce(t, t):

Uβ(t) =
{
x ∈ R3 : (x− s(t))T Ce(t, t)−1 (x− s(t)) ≤ β2

}
. (3.15)

Hence β measures the scale of this ellipsoid in units of standard deviation of the estimation error along

these axes. If Ce(t, t) is rank-deficient, the ellipsoid (3.15) is degenerate along one or more directions 4. If
4The length of one or more semi axes of the ellipsoid is zero.
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Ce(t, t) = 0, indicating that perfect estimation is possible at location t, then Uβ(t) is the singleton {s(t)}.
In general, if Ce(t, t) has rank r ≥ 1, then α and β are related by

α = Pr {ŝ(t) ∈ Uβ(t)} = Pr
{
χ2

r ≤ β2
}

= 1− Γ
(

r

2
,
β2

2

)
. (3.16)

Note that Uβ(t) is a local confidence region, because (for each t) it only applies to one point of the surface.

We now construct a global confidence region Uβ for the entire estimated surface Ŝ = {ŝ(t), t ∈ Ψ}:

Uβ
4
=

⋃

t∈Ψ

Uβ(t) . (3.17)

Note that the construction of Uβ is similar to morphological dilation of the boundary by the spatially varying

structuring element Uβ(t). Therefore, the region Uβ forms a shell around the true boundary s(t). We refer

to β as the confidence region’s thickness parameter.

The global confidence level for Uβ is given by:

γ
4
= Pr

{
Ŝ ∈ Uβ

}
= Pr { ŝ(t) ∈ Uβ , ∀ t ∈ Ψ } . (3.18)

This is the probability that the entire estimated surface lies within the region Uβ formed around the true

surface. It predicts the fundamental uncertainty region for any asymptotically normal and efficient estimator.

The confidence region Uβ and its associated probability are computed without any measurements, and are

only based on the a priori model s(t;θ) and (1.4).

By deriving an explicit formula for γ, we can compute the corresponding value of β in (3.15) for the

prescribed global confidence level γ and guarantee the probability that the MLE lies within the confidence

region. Now, our goal is to determine an approximate bound on γ that is reasonably tight. Our derivations

are simplified owing to the following lemma, according to which the index set Ψ may be replaced with Ψ in

(3.18).

Lemma 3.1. We have

γ = Pr { ŝ(t) ∈ Uβ , ∀ t ∈ Ψ } . (3.19)

Proof. Due to (3.18), we have γ = Pr{A}, where the event A , { ŝ(t) ∈ Uβ , ∀ t ∈ Ψ } is the intersection

of the two events B , { ŝ(t) ∈ Uβ , ∀ t ∈ Ψ } and C , { ŝ(t) ∈ Uβ , ∀ t ∈ Ψzero }. Owing to (A7), the

function ŝ(t) is continuous. We conclude that B implies C, A = B, and γ = Pr{B}.
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4 Main Results

Choosing an arbitrary t0 ∈ Ψ, we first note, using (3.19), that the probability (3.18) satisfies the trivial

upper bound

γ = Pr { ŝ(t) ∈ Uβ , ∀ t ∈ Ψ } ≤ Pr { ŝ(t0) ∈ Uβ(t0)}

= α = 1− Γ
(

r

2
,
β2

2

)
. (4.1)

The last equality is due to (3.16).

Also (3.18) satisfies the following lower bound:

γ = Pr { ŝ(t) ∈ Uβ , ∀ t ∈ Ψ } ≥ Pr { ŝ(t) ∈ Uβ(t), ∀ t ∈ Ψ } 4= γLB. (4.2)

Note the difference between the left and right sides of (4.2). While γ is the probability that the estimated

surface lies within the global confidence region Uβ , γLB on the right is the probability that all points of the

estimated surface lie within their respective local confidence regions Uβ(t). The inequality holds because

there may exist some t 6= t′ such that ŝ(t) ∈ Uβ(t′) (and therefore ŝ(t) ∈ Uβ) while ŝ(t) /∈ Uβ(t).

4.1 Canonical Coordinates

Define the transformed parameter-vector

Z̃
4
= C−1/2

θ

(
θ̂ − θ

)
∈ RK . (4.3)

Under Assumptions 1–3 of Sec. 3.1, Z̃ converges (as M → ∞) in distribution to a Gaussian random vector

Z ∼ N (0, IK). Then, γLB can be written as

γLB = Pr

{
sup
t∈Ψ

(
s(t; θ̂)− s(t;θ)

)T

Ce(t, t)−1
(
s(t; θ̂)− s(t; θ)

)
≤ β2

}

∼ Pr

{
sup
t∈Ψ

(
θ̂ − θ

)T

B(t; θ)
(
BT (t;θ)CθB(t;θ)

)−1
BT (t;θ)

(
θ̂ − θ

)
≤ β2

}

as M →∞ (4.4)

= Pr

{
sup
t∈Ψ

Z̃T C1/2
θ B(t; θ)

(
BT (t; θ)CθB(t; θ)

)−1
BT (t; θ)C1/2

θ Z̃ ≤ β2

}

= Pr

{
sup
t∈Ψ

Z̃T P(t)Z̃ ≤ β2

}
, (4.5)

where the first equality follows from the definition of Uβ(t). The asymptotic equality uses (3.13), the

boundedness property (A6) on B(t; θ), and the consistency property (3.9) of θ̂. The third step follows from

definition (4.3). The last equality involves

P(t)
4
= C1/2

θ B(t; θ)
(
BT (t; θ)CθB(t; θ)

)−1
BT (t; θ)C1/2

θ (4.6)
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the K ×K projection matrix onto the range space of C1/2
θ B(t;θ), which is well defined for all t ∈ Ψ. The

rank of P(t) is equal to that of C1/2
θ B(t; θ); this is also the number of eigenvalues of P(t) that have value

1 (the others having value 0). Owing to the regularity condition (A4), Cθ has full rank; owing to (A8),

B(t;θ) has rank equal to r ≤ 3 for all t ∈ Ψ. Therefore the rank of P(t) is equal to min(r,K) for all t ∈ Ψ.

The problem is now to find an approximation for the right-hand side of (4.5).

4.2 Incomplete Gamma Bound

A simple bound immediately follows from the projection inequality

Z̃T P(t)Z̃ ≤ Z̃T Z̃. (4.7)

More specifically, we have

Pr

{
sup
t∈Ψ

Z̃T P(t)Z̃ ≤ β2

}
≥ Pr

{
Z̃T Z̃ ≤ β2

}

∼ Pr
{

ZT Z ≤ β2
}

= Pr
{

χ2
K ≤ β2

}
, (4.8)

where Z ∼ N (0, IK). From (4.5) and (4.8), we obtain

γLB & Pr
{
χ2

K ≤ β2
}

= Γ
(

K

2
,
β2

2

)
, (4.9)

which we call the “incomplete gamma bound”. Note that if B(t;θ) has rank r and the dimension of θ is

K ≤ r, the projection matrix (4.6) reduces to the identity matrix; hence the asymptotic inequality of (4.9)

becomes an asymptotic equality. Unfortunately, the projection inequality (4.7) is loose for large K, and the

bound (4.9) is typically conservative for large K.

4.3 Reduction to Random Field Exceedence Probability

Since the incomplete Gamma bound is conservative for K > r, we seek a more accurate approximation for

γLB taking into account the characteristics of C1/2
θ B(t; θ) ∈ RK×3. Throughout, we assume that K > r.

For all t ∈ Ψ, let Q(t) = [q1(t), · · · ,qr(t)] be a K × r matrix with orthonormal columns spanning the

range space of C1/2
θ B(t;θ). The matrix Q(t) is obtained by selecting r linearly independent columns of

C1/2
θ B(t;θ) and performing a QR decomposition on these columns (using, e.g., the Gram-Schmidt method).

The function Q(t) is extended in a continuous fashion to all of Ψ. It also follows from our regularity

conditions (A7), (A8) that Q(t) is C3.

Example. Consider the laser scanning example of Sec. 2.1 with t = (φ, z) taking values in the

domain Ψ = [0, 2π]× [0, 1
2 ]. Assume the function g(t;θ) is of the form

g(t; θ) =
K∑

k=1

θk[1− cos(2πkz)]

13



where all θk > 0. Observe that g(t,θ) is nonnegative and depends on t via z only (the object

is circularly symmetric around the z-axis). Moreover, the function g(·,θ) has a minimum

(equal to 0) that is achieved when z = 0. The transposed Jacobian matrix B(t; θ) is given

by (3.4) with

∇θg(t; θ) = [1− cos(2πz), · · · , 1− cos(2πKz)]T .

(independent of θ in this case.) The rank of B(t; θ) is therefore equal to r = 1 everywhere

except at z = 0, where the rank is 0. Therefore Ψ = [0, 2π] × (0, 1
2 ]. The CRB matrix Cθ

is derived in (5.3) and is independent of θ. Denote by U its K × K eigenvector matrix,

and λ1, · · · , λK the corresponding (positive) eigenvalues. Gram-Schmidt orthogonalization of

C1/2
θ B(t;θ) yields

Q(t) = U[γ1(z), · · · , γK(z)]T .

The scalar functions γk(z) in this formula are given by

γk(z) =
√

λk(1− cos(2πkz))
[∑K

k=1 λk(1− cos(2πkz))2
]1/2

, 1 ≤ k ≤ K.

They are C3 everywhere (including at z = 0), and so is Q(t).

Next we have

Z̃T P(t)Z̃ = Z̃T Q(t)QT (t)Z̃ = ‖G(t)‖2, (4.10)

where G(t)
4
= QT (t)Z̃ ∈ Rr. Note that the quadratic form Z̃T P(t)Z̃ is asymptotically a (spatially correlated)

χ2
r process. In our analysis, the special case r = 1 has to be treated slightly differently from the general case.

Case r > 1. Let d(ω) represent the point with spherical coordinates ω on the r-dimensional unit sphere;

let Ωr−1 denote the domain of ω, where Ω1 = [0, 2π] and Ω2 = Ω1 × [0, π]. Consider the following random

field :

X̃(t,ω)
4
= dT (ω)G(t) = dT (ω)QT (t)Z̃. (4.11)

This equation may be more compactly written as

X̃(τ )
4
= uT (τ )Z̃, (4.12)

where we have defined the new argument

τ = (t,ω) ∈ T = Ψ× Ωr−1 (4.13)

and the vector-valued function

u(τ ) = [u1(τ ), · · · , uK(τ )]T , Q(t)d(ω), (4.14)
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defined for all τ ∈ T . The index set T in (4.13) is a subset of RN , where

N = dim(Ψ) + r − 1 = r + 1. (4.15)

Similarly to (4.13), we define T = Ψ× Ωr−1.

We call U , {u(τ), τ ∈ T} the representation manifold for the surface estimation problem. As we shall

see, the manifold U is of fundamental importance: our asymptotic formula for the exceedence probability is

a functional of U .

Using the condition for equality in the Cauchy-Schwarz inequality for G ∈ Rr, we have,

‖G(t)‖ = sup
d∈Rr

‖d‖=1

[dT G(t)] = sup
ω∈Ωr−1

X̃(t, ω), (4.16)

hence

γLB = Pr

{
sup
t∈Ψ

Z̃T P(t)Z̃ ≤ β2

}

= Pr

{
sup
t∈Ψ

||G(t)|| ≤ β

}

= Pr

{
sup

t∈Ψ, ω∈Ωr−1

X̃(t, ω) ≤ β

}

= Pr

{
sup
τ∈T

X̃(τ ) ≤ β

}

= 1− Pr

{
sup
τ∈T

X̃(τ ) ≥ β

}
. (4.17)

Therefore, our problem has been reduced to evaluation of the following exceedence probability (or tail

probability) for an asymptotically Gaussian random field over a subset of RN :

Pr

{
sup
τ∈T

X̃(τ ) ≥ β

}
. (4.18)

In spite of its apparent simplicity, the determination of the exceedence probability of (4.18) is a difficult

problem. There is a large literature on the exceedence probability for Gaussian random fields, but this

problem is rather difficult as well. The survey paper by Adler [11] mentions only six cases in which the

exceedence probability may be computed exactly. Other than these, only approximate solutions are available,

and there are a multitude of different techniques, in particular for large β [11, 22, 23, 24, 25, 26].

Case r = 1. In this case, we let τ = t, T = Ψ ⊂ R2, T = Ψ, and u(τ ) = Q(t). In place of (4.17), we

obtain the following inequality from (4.5) and (4.10):

γLB = 1− Pr

{
sup
τ∈T

|X̃(τ )| ≥ β

}

≥ 1− Pr

{
sup
τ∈T

X̃(τ ) ≥ β

}
− Pr

{
sup
τ∈T

(−X̃(τ )) ≥ β

}
(4.19)
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where the inequality is due to the union bound for two events A and B: Pr(A ∪B) ≤ Pr(A) + Pr(B).

4.4 Gaussian Random Field Approximation

The random field X̃(τ ), τ ∈ T depends linearly on the asymptotically Gaussian random vector Z̃. Therefore

X̃(τ ) is asymptotically Gaussian. It is tempting to approximate the exceedence probabilities of (4.18) and

(4.19) with the exceedence probabilities of a Gaussian random field with the same second-order statistics,

but there are difficulties if β is too large. In this case we could enter a large-deviation regime in which the

non-Gaussian nature of the tails of Z̃ would play an important role. Prop. 4.1 below proves the validity

of the Gaussian approximation when β is fixed 5; moreover, the supremum over T may be replaced by a

supremum over T .

Define the K-dimensional normal random vector Z ∼ N (0, IK) and the Gaussian random field

X(τ ) = uT (τ )Z, τ ∈ T. (4.20)

Since Z̃ converges in distribution to Z, X̃(τ ) converges in distribution to X(τ ) as well.

Proposition 4.1.

Pr

{
sup
τ∈T

X̃(τ ) ≥ β

}
∼ Pr

{
sup
τ∈T

X(τ ) ≥ β

}
as M →∞. (4.21)

Proof. Define the level set

Λ(β) =
{
z : sup

τ∈T
uT (τ )z ≥ β

}
⊂ RK . (4.22)

By continuity of u(τ ), the set does not change if the supremum over T is replaced with one over T . We

may thus write the probabilities in (4.21) as PrZ̃[Λ(β)] and PrZ[Λ(β)], respectively. Since Z̃ converges in

distribution to Z, we have PrZ̃[Λ(β)] ∼ PrZ[Λ(β)] as M →∞.

Corollary 4.2.

Pr

{
sup
τ∈T

X̃(τ ) ≥ β

}
∼ Pr

{
sup
τ∈T

(−X̃(τ )) ≥ β

}
as M →∞.

Proof. This follows by symmetry of the distribution of the Gaussian random field X(τ ).

At this point, we state an important property of the random field X(τ ).

Lemma 4.3. X(τ ) is an inhomogenous Gaussian random field with zero mean and finite Karhunen-Loève

expansion 6

CX(τ , τ ′) =
K∑

i=1

ui(τ )ui(τ ′). (4.23)

Furthermore, X(τ ) has unit variance: CX(τ , τ ) = ‖u(τ )‖ =
(∑K

i=1 u2
i (τ )

)1/2

= 1.

5Using tools from large-deviations theory, we have also established that the Gaussian approximation is still valid when β
grows slowly enough as a function of the number of data, M , specifically, as M1/6. These derivations are rather technical and
are not included in this paper.

6Here we use Sun’s definition, which does not require that the functions ui be orthonormal or even orthogonal.
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Proof. It follows from (4.12) that X(τ ) is Gaussian. Since E[Z] = 0 and E[ZZT ] = I, we have respectively

E[X(τ )] = uT (τ )E[Z] = 0

and

CX(τ , τ ′) = E[X(τ )X(τ ′)]

= uT (τ )E[ZZT ]u(τ ′)

= uT (τ )u(τ ′)

=
K∑

i=1

ui(τ )ui(τ ′). (4.24)

Since CX(τ , τ ′) is not a function of τ − τ ′ in general, X(τ ) is an inhomogeneous random field. Finally, from

(4.14), when r > 1 we have

‖u(τ )‖2 = d(ω)T QT (t)Q(t)d(ω)

= d(ω)T d(ω) = 1 , (4.25)

where we have successively used the orthonormality property QT (t)Q(t) = Ir, and d(ω)T d(ω) = 1. The

same result is obtained when r = 1, because u(·) = Q(·) in this case.

4.5 The Representation Manifold

The Gaussian random field X(τ ), τ ∈ T is completely determined by its covariance function CX(τ , τ ′). Due

to (4.24), a more compact representation for X(τ ) is in terms of the N -dimensional manifold

U , {u(τ ), τ ∈ T} ⊂ RK . (4.26)

This manifold completely determines the distribution of the process X and is of fundamental importance to

our problem. To distinguish it from the 2-D surface manifold S ⊂ R3 and to emphasize its dependency on

the parametric representation of the surface, we call U the representation manifold.

While the functional representation u(·) of a manifold is nonunique 7, there are several quantities that

are intrinsically related to U . One of them is the N ×N metric tensor matrix

R(τ ) , E[∇X(τ )∇T X(τ )]. (4.27)

7For instance, if T = RN and U is a linear manifold, the choice of u(τ ) is equivalent to the choice of a basis.
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Its elements are also given by

Rij(τ ) = E
[
∂uT (τ )Z

∂τ i

∂ZT u(τ )
∂τ j

]

=
∂uT (τ )

∂τ i
E[ZZT ]

∂u(τ )
∂τ j

=
∂uT (τ )

∂τ i

∂u(τ )
∂τ j

=
∂2CX(τ , τ ′)

∂τ i∂τ ′j

∣∣∣∣∣
τ=τ ′

, 1 ≤ i, j ≤ N. (4.28)

According to Sun [10] and Adler [11], the analysis is simpler in the case of manifolds without boundary.

Examples of such manifolds include hyperspheres and tori.

Lemma 4.4. Suppose that the surface {s(t; θ), t ∈ Ψ} is closed, and that the regularity conditions of Sec. 3.1

apply. Then, the representation manifold U = {u(τ ), τ ∈ T} has no boundary.

Proof. Since the surface s(t), t ∈ Ψ, is a closed manifold, the parameter space Ψ ⊂ R2 is homeomorphic

to S1 × S1, where S1 denotes the unit circle on R2. Recall that {d(ω) ∈ Rr, ω ∈ Ωr−1 ⊂ Rr−1} is the

hypersphere Sr−1, which is another closed, boundaryless manifold. Therefore the index set T = Ψ × Ωr−1

does not have a boundary either. Furthermore, under our regularity conditions, Q(t) defined in Sec. 4.3 is a

continuous mapping from Ψ to RK×r; hence u(τ ) = Q(t)d(ω) is a continuous mapping from T to RK . Since

continuous mappings preserve the topology of the domain (T ), the manifold U does not have a boundary.

4.6 The Tube Formula

Owing to the special geometric structure of X(τ ), we can use the following, powerful tube formula [10], which

provides a precise asymptotic expansion of (4.18) as β →∞. See [11] for refinements of the tube formula.

Theorem 4.5 (Sun [10]). Let T be a compact subset of RN and X(τ ), τ ∈ T be a nonsingular Gaussian

random field with zero mean, unit variance, and covariance function CX(τ , τ ′). If CX(τ , τ ′) ∈ C3 has finite

Karhunen-Loève expansion

CX(τ , τ ′) =
K∑

i=1

ui(τ )ui(τ ′), (4.29)

and the manifold U =
{
[u1(τ ), · · · , uK(τ )]T , τ ∈ T

}
has no boundary, then

Pr
{

sup
τ∈T

X(τ ) ≥ β

}
= κ0ψ0(β) + κ2ψ2(β) + · · ·+ κÑψÑ (β) + o(ψÑ (β)) (4.30)

where Ñ = N for even N and Ñ = N − 1 for odd N , respectively. Here

ψn(β) =
1

21+n/2π(N+1)/2

∫ ∞

β2/2

u(N+1−n)/2−1e−u du , n = 0, 2, · · · , Ñ . (4.31)

and κ0, · · · , κÑ are the constants in Weyl’s formula [12] for the manifold U .
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Discussion: The constants κ0 and κ2 are geometric descriptors of the K-dimensional differentiable manifold

U . More specifically, κ0 denotes the volume (or area) of the manifold U and κ2 is a total scalar curvature:

κ0 = |U| =
∫

T

√
|detR(τ )| dτ (4.32)

κ2 =
∫

T

(
−S(τ )

2
− N(N − 1)

2

) √
|detR(τ )| dτ , (4.33)

where the N ×N metric tensor matrix R(τ ) has elements

Rij(τ ) =
K∑

l=1

∂ul(τ )
∂τ i

∂ul(τ )
∂τ j

=
∂2CX(τ , τ ′)

∂τ i∂τ ′j

∣∣∣∣∣
τ=τ ′

, 1 ≤ i, j ≤ N. (4.34)

(same as (4.27)). In (4.33), S(τ ) is the intrinsic scalar curvature of the manifold, which is zero for homo-

geneous random fields. Usually, the computation of S(τ ) for inhomogeneous random fields (such as X(τ ))

is quite complicated as it requires the computation of Christoffel symbols and the Ricci curvature tensor.

Therefore, we use the following one-term asymptotic approximation.

Corollary 4.6. Under the assumptions of Theorem 4.5, we have

Pr
{

sup
τ∈T

X(τ ) ≥ β

}
= κ0ψ0(β)

[
1 + O(β−2)

]
, (4.35)

where κ0 is given by (4.32),

ψ0(β) =
1

ωN

(
1− Γ

(
N + 1

2
,
β2

2

))
, (4.36)

and

ωN =
2 π(N+1)/2

Γ(N+1
2 )

(4.37)

denotes the surface area of the (N + 1)-dimensional unit sphere.

Proof. Using the definition of the incomplete Gamma function, we write (4.31) as

ψn(β) =
Γ(N+1−n

2 )
21+n/2π(N+1)/2

(
1− Γ

(
N + 1− n

2
,
β2

2

))
.

Using the asymptotic expression (1.7) with a = (N + 1 − n)/2 and x = β2/2, we obtain the one-term

approximation

ψn(β) ∼ (2π)−
N+1

2 βN−1−ne−β2/2 (4.38)

for n = 0, 2, · · · , Ñ . Hence

ψn(β)
ψ0(β)

= O
(
β−n

)
, ∀n > 0. (4.39)

Substituting (4.39) into (4.30) proves the claim.
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It is difficult to obtain a full asymptotic expansion similar to Theorem 4.5 in the case of manifolds with

boundary because Weyl’s formulas don’t apply in this case. Nevertheless Sun obtained the following result,

which is quoted as Theorem 6.5.3 in [11]. Interestingly, the second-order term vanishes as β−1 with respect

to the leading term (instead of β−2 in the case of manifolds with boundary).

Proposition 4.7. Let T be a compact subset of RN and X(τ ), τ ∈ T be a nonsingular Gaussian random field

with zero mean, unit variance, and covariance function CX(τ , τ ′). If CX(τ , τ ′) ∈ C3 has finite Karhunen-

Loève expansion, and the manifold U =
{
[u1(τ ), · · · , uK(τ )]T , τ ∈ T

}
has a boundary, then

Pr
{

sup
τ∈T

X(τ ) ≥ β

}
= κ0ψ0(β)

[
1 + O(β−1)

]
. (4.40)

4.7 Main Result

We are now able to evaluate the probability γLB of (4.17) by combining the results obtained so far. The

proof of Theorem 4.8 below is an immediate application of Lemmas 4.3 and 4.4, Prop. 4.1, and Corollary 4.6.

The steps needed for evaluating γLB are summarized in Table 4.7. Also recall from (4.1) that we have the

upper bound

Pr
{

Ŝ ∈ Uβ

}
≤ 1− Γ

(
r

2
,
β2

2

)
.

Theorem 4.9 is proven in the same fashion, invoking Prop. 4.7 in place of Corollary 4.6.

Theorem 4.8. Suppose that s(t; θ) is a closed surface, and that the regularity conditions of Sec. 3.1 apply.

Then we have the following asymptotic formula

γ = Pr
{

Ŝ ∈ Uβ

}
≥ γLB ∼ 1− cr

κ0

ωr+1

(
1− Γ

(
r

2
+ 1,

β2

2

))[
1 + O(β−2)

]
as M →∞ (4.41)

where the constants ωr+1 and κ0 are given by (4.37) and (4.32), respectively, and cr is equal to 1 when r > 1

and to 2 otherwise.

Theorem 4.9. If the same assumptions of Theorem 4.8 apply, with the exception that s(t; θ) has a boundary,

then (4.41) holds with a second-order term O(β−1) in place of O(β−2).

1. Obtain pdf’s pm(ym|θ) in (1.4).
2. Compute Jacobian B(t;θ) in (3.3) and CRB matrix Cθ in (3.5).
3. Perform QR decomposition of C1/2

θ B(t; θ), obtaining Q(t).
4. Evaluate representation functions ui(τ ) from (4.14).
5. Obtain volume κ0 of representation manifold using (4.32) and (4.34),

and surface area ωN using (4.37).
6. Obtain exceedence probability bound from (4.41).

Table 1: Computation of exceedence probability bound, given surface model (1.3), measurement model (1.2),
and θ.
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Using (1.7), we see that the leading term in the asymptotic expansion of the exceedence probabilities of

Theorems 4.8 and 4.9 is of the form Cβre−β2/2, where β is a normalized scale parameter for the confidence

region and C is proportional to the volume of the representation manifold U associated with the surface. From

(4.1), the exceedence probability also admits a lower bound that is asymptotically equal to
√

π
2 βr−1e−β2/2.

The above asymptotic expressions are therefore quite close (they differ by a term of 1 in the exponent of the

polynomial term). As may be intuitively expected, for a fixed β, the exceedence probabilities are lower for

small r (less uncertainty).

The practical usefulness of the asymptotic formula (4.41) will be illustrated by the experimental results

of Sec. 5. There M is fixed, and β is chosen to be moderately small so as to avoid the large-deviation

regime of the MLE. To assess the usefulness of the leading order term (neglecting the O(·) term in (4.41)),

we compare this term with the result of Monte Carlo simulations. An alternative would be to compute

the next higher-order terms in the asymptotic expansion (4.41) (evaluating the constant in the O(·) term).

This alternative approach is quite complex because evaluation of the constant is a computationally intensive

problem, as discussed in Sec. 4.6. The numerical computation of κ0 in Eq. (4.41) is done using the software

package “libtube” [27, 28].

5 Numerical Results

5.1 Laser Range Data Fitting

In this section, we construct an asymptotic global confidence region and compute the global confidence level

for the 3-D head model of Fig. 3 in a laser range data fitting experiment (Fig. 2)8. The basis functions

{µk} in our linear surface model (2.4) are separable products of 3rd-order B-spline basis functions. We set

K = 312. The measurement noise is additive, white, and Gaussian.

The combined measurement and object models (2.2) (2.4) correspond to the linear Gaussian model,

for which the MLE achieves exactly (nonasymptotically) the CRB, which is then given by (3.11). For the

parametrization of (2.1), the uncertainty is only along the radial direction, hence there exists no t 6= t′ such

that ŝ(t) ∈ Uβ(t′) while ŝ(t) /∈ Uβ(t), with the analogous situation for (4.2). Hence, the inequality in (4.2)

reduces to an equality, and

γ = γLB. (5.1)

The Fisher information matrix is given by

Iθ =
1
σ2

JJT (5.2)

where J is the K ×M matrix with elements {µk(tm), 1 ≤ k ≤ K, 1 ≤ m ≤ M}. From (3.5), we obtain the

8The authors would like to thank Prof. T. Huang at the University of Illinois for providing the laser range data set.
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covariance matrix

Cθ = σ2
(
JJT

)−1
. (5.3)

(This expression coincides, as expected, with (3.11) for CW = σ2I).

Inversion of the K×K matrix Iθ = JJT /σ2 is problematic if K is large. However, this problem is largely

overcome if {µk(t), t ∈ Ψ}K
k=1 is chosen as a separable tensor product of (B-spline) basis functions along the

two coordinates, u and v of t = (u, v). In this case, JJT has the Kronecker product structure Ru⊗Rv, with

Ru and Rv each a
√

K ×√K matrix. Therefore, (5.3) reduces to

Cθ = σ2R−1
u ⊗R−1

v (5.4)

only requiring the inversion of
√

K ×√K matrices.

Recalling (2.1) with t = (φ, z) and using (3.13) and (5.4), we have

Ce(t, t) = BT (t)CθB(t)

= e(φ)b(t)T Cθb(t)e(φ)T (5.5)

where e(φ) =
[
cosφ sin φ 0

]T and b(t) = ∇θg(t;θ) = {µk(t)}K
k=1. Hence, the local confidence region

Uβ(t) is given by

Uβ(t) =
{
x ∈ R3 : (x− s(t))T Ce(t, t)−1(x− s(t)) ≤ β2

}

=
{

(ρ, φ, z) :
|ρ− g(t,θ)|2

ξ(t)
≤ β2 , ρ ≥ 0, φ ∈ [0, 2π], z ∈ R

}
, (5.6)

where ξ(t) = b(t)T Cθb(t).

In (5.6), we have used cylindrical coordinates for x =
[
ρ cosφ ρ sin φ z

]
. Therefore, using (5.6) we

can easily demonstrate the 3-D innermost and outermost surfaces of the global confidence region. More

specifically, the innermost surface Sin and outermost surfaces Sout of the confidence region Uβ are obtained

as

Sin =
{(

g(φ, z, θ)− β
√

ξ(φ, z), φ, z
)

, φ ∈ [0, 2π], z ∈ R
}

, (5.7)

Sout =
{(

g(φ, z, θ) + β
√

ξ(φ, z), φ, z
)

, φ ∈ [0, 2π], z ∈ R
}

. (5.8)

In order to display the dependency of the uncertainty on the location t ∈ Ψ and the data measurement

geometry, we took measurements non-uniformly as shown in Fig. 4(a). There A and D correspond to the

most dense and the least dense region, respectively, and the densities at B and C are intermediate. The

width of the corresponding global confidence region is displayed in Fig. 4(b). Clearly the uncertainty is

higher at locations where the measurement density is lower. Another interesting observation is that the
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width of the confidence region exhibits a periodic pattern, as can be seen more clearly on the zoomed area

of Fig. 4(c). This periodicity can be traced back to the surface Jacobian (3.3), which exhibits the same

periodicity properties as the spline basis. In order to highlight this periodic pattern, we have overlayed the

location of the B-spline knots onto the uncertainty region in Fig. 4(c). For this particular spline basis, the

uncertainty is small at the measurement locations but larger near the knot locations. In other words, the

parts of the head surface around these locations are more difficult to estimate than the other parts. Finally,

note the presence of protrusions at the top and bottom of the head in Fig. 5. This is due to the fundamental

uncertainty in estimating zero level surfaces using a range scanner that takes measurements in the horizontal

direction only.

Next we compute bounds on the global confidence level and compare them with Monte Carlo simulation

results. For convenience, we consider the following probability :

1− γ = Pr
{

Ŝ /∈ Uβ

}
. (5.9)

A display of 1 − γ in a log-scale plot in Fig. 6 is chosen because it is more informative for large β than

displaying γ. An approximate upper bound using the tube formula for 1 − γ is computed using (4.41) in

Theorem 4.8, and the upper bound for 1− γ is computed using (4.9). Note that r = 1 in (4.41) because the

matrix B(t; θ) has rank 1 for this case. We also evaluate the lower bound (4.1) on 1− γ.

The bounds are compared with Monte Carlo estimates obtained by simulations. These were performed by

drawing a random vector θ̂ from a Gaussian distribution with mean θ and covariance matrix Cθ, generating

the shape s(t; θ̂) and counting the events
{
s(t; θ̂) /∈ Uβ , ∀t ∈ Ψ

}
. The number NMC of Monte Carlo runs was

selected so as to achieve a prescribed RMS relative error ε in the estimate. Specifically, assuming independent

Bernoulli trials the required number of Monte Carlo runs is then given by

NMC ' 1
ε2(1− γ)

. (5.10)

In practice, the value of 1−γ is unknown, and an appropriate estimate is needed in order to select NMC. We

use the geometric mean between the lower bound and the upper bounds as an estimate for 1− γ to compute

the number of Monte Carlo runs. In our simulation, we choose ε = 0.3. As shown in Fig. 6, our tube formula

is quite accurate. However, the simplistic incomplete Gamma bound is so conservative that it does not give

any useful probabilistic information.

5.2 Reconstruction from Sparse Fourier Samples

We now revisit the example of Sec. 2.2: 3-D Fourier imaging of a torus from sparse samples. Since the data

vector y is related nonlinearly to θ, the MLE is not Gaussian. Provided enough measurements are taken,

the MLE is only asymptotically unbiased, Gaussian, and efficient. Furthermore, for the parametrization in
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(2.7) the uncertainty is in all directions, and therefore the inequality in (4.2) is strict. As a consequence, the

equality (5.1) does not hold exactly in this example. Since the global confidence region bound of Theorem 4.8

has been derived based on asymptotic arguments, the bound may not be accurate for a small number of

measurement samples. It does however become more accurate as the sample size, M = n3, increases.

To proceed, we use a simple extension of the domain derivative techniques for computation of the CRB

for curve estimation problems [7], to produce an explicit formula for the Fisher information matrix:

(Iθ)i,j =
(I1 − I2)2

σ2

n3∑
m=1

[(
∂g(km; θ)

∂θi

)∗
∂g(km; θ)

∂θj

]
, 1 ≤ i, j ≤ K (5.11)

where

∂g(km; θ)
∂θj

=
∫

∂Ω

e−i2π(kx(m)x+ky(m)y+kz(m)z) 〈bj , ν〉νdS , (5.12)

dS denotes a differential surface element, ν is the outer-normal vector on the surface ∂Ω, and bj is the

j-th column of the Jacobian B(t; θ). The gradient of g(km;θ) with respect to the position parameter

p = (px, py, pz) takes the form

∂g

∂p
= −i2πg(km; θ)km. (5.13)

In this simulation, we assume that the ratio ρ = Rt/Ra is known and only six parameters are unknown.

In order to investigate the usefulness of the tube formula, we have performed two Monte Carlo simulations,

one based on the true MLE (TrueMC), and the other one based on the Gaussian random field approximation

(GaussMC). For TrueMC, we obtain the MLE’s θ̂ML(y) by minimizing the likelihood function (3.8) for each

realization of the measurement vector y. The MLE of the surface ŝ(t) is given by ŝ(t) = s(t; θ̂ML). Then,

we estimate γ of (4.2) by counting the number of the occurrences of the defining event

{ ŝ(t) ∈ Uβ , ∀ t ∈ Ψ } =
{
∀t1, ∃t0 s.t.

(
s(t1; θ̂)− s(t0; θ)

)T

Ce(t0, t0)−1
(
s(t1; θ̂)− s(t0; θ)

)
≤ β2

}

where Ce(t, t) was defined in (3.7). The GaussMC is done similarly except that θ̂ is generated from the

asymptotic Gaussian distributionN (θ,Cθ) instead of (3.8). For large n, the results of TrueMC and GaussMC

must be similar. For small n, this need not be the case owing to the non-Gaussian nature of the MLE.

In TrueMC, the most time-consuming step is the evaluation of θ̂ML using (3.8). Recall that the negative

log-likelihood can be written as

L(θ̂) =
1
σ2

M∑
m=1

|y(km)− g(km; θ̂)|2 (5.14)

where y(km) = g(km;θ) + w(km) for a complex Gaussian noise model w(km), and θ denotes the nominal

value of θ̂, for which the simulation is performed. We have

g(km;θ) =
I1 − I2

σ2

∫

D(θ)

e−i2πk·rdr + constant (5.15)
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where D(θ) is the domain parameterized by the K-dimensional parameter θ. Straightforward simulation of

the MLE for the torus example involves the following steps: 1) Fix θ and define a dense grid G ⊂ Θ. 2)

Compute g(km; θ) for all measurement points km,m = 1, · · · ,M . 3) Generate noise samples w(km). 4)

Obtain y(km). 5) Evaluate L(θ′) for all θ′ ∈ G, and let θ̂ be the minimizer. 6) Repeat Steps 3–5 to collect

statistics.

However, the difficulties are the following: A). For each km and θ′, evaluation of g(km; θ′) involves a

3-D integral. If done numerically on a 3-D grid with R points in each direction, the total amount of work

is O(MR3). B). Assume the grid G has P points in each direction. Then Step A) needs to be repeated

|G| = PK times for a single Monte-Carlo run. Assuming NMC Monte-Carlo runs, the total amount of work

is O(NMCMPKR3). To achieve reasonable precision, we may expect values of the order R > 100, P >

100, NMC À 100. Such computations are infeasible.

In order to make the TrueMC simulation feasible, we have adopted the following simplifications:

1. Simplify the evaluation of g(km; θ). The effect of the translation parameter p on the Fourier transform

is multiplication by a phase factor, so it is enough to compute g(km; θ) using numerical integration for

a torus at the origin. Likewise, the effect of the rotation parameters φ and ψ is a rotation of the Fourier

transform. Finally, for a fixed ratio ρ = Rt/Ra, scaling the torus in all three coordinates scales the

Fourier transform. It follows that if g(k;θ) is calculated on a dense grid in k for a given ratio ρ, then

for any other θ with the same ratio ρ, g(k; θ) can be obtained by interpolation on k and multiplication

by phase factors. So, it is enough to compute g(k; θ) once on a dense oversampled grid in k by fixing

ρ and using the Fast Fourier Transform (FFT).

2. The PK factor is the bottleneck and the full grid search is infeasible. Hence, we use an iterative block

coordinate search. More specifically, we alternate between the following two steps. Given the current

estimate for Ra, φ and ψ, we estimate the translation parameter p using conjugate gradient; and given

the current estimate for p, we estimate (Ra, φ, ψ) using the simplex algorithm of Nelder and Mead

[29]. The optimization routine has been implemented using the Linux-based GNU Scientific Library

(GSL) [30].

Figs. 8(a)-(b) illustrate the tube formula approximation, incomplete gamma bound, lower bound (4.1),

TrueMC, and GaussMC for n = 3, n = 5 and n = 9, respectively (accordingly, the number of samples are

33, 53 and 93, respectively). The noise level chosen for this simulation was σ = 0.1. Note that for n = 9,

the tube formula and the TrueMC and GaussMC simulation results nearly coincide. Furthermore, even for

smaller data size (for example n = 3, 5) and sufficiently large β values, the tube formula is in good agreement

with the GaussMC simulation. This behavior is expected because the tube formula is derived based on a

Gaussian random field approximation. Hence, we can conclude that even for moderate values of n and β and
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for this nonlinear parametrization, our asymptotic global confidence region analysis gives a useful estimate

of performance.

The confidence region Uβ is computed by application of the expressions in (3.13), (3.15), and (3.17), where

the noise variance is set to σ = 70 in order to make the uncertainty region thick enough for visualization

purposes. For this choice of parameters, the global confidence region Uβ with parameter β = 5 is shown in

Fig. 7(b).

6 Conclusions

We have constructed a global confidence region within which the entire surface estimate resides with a

prescribed probability. The problem is quite challenging due to the fact that the surface estimate is a

nonstationary random field defined over a 2-D index set. First we have converted the problem to evaluation

of the exceedence probability for an asymptotically Gaussian random field defined over an index set of

dimension r + 1 (where 1 ≤ r ≤ 3). Owing to the parametric surface model used, the above random field

admits a finite Karhunen-Loève expansion. The desired probability can then be estimated using Sun’s tube

formula.

We have derived an asymptotic expansion for an upper bound on the exceedence probability. The leading

term in this expansion is of the form Cβre−β2/2, where β is a normalized scale parameter for the confidence

region and C is proportional to the volume of the representation manifold U associated with the surface. This

is slightly larger than our asymptotic lower bound
√

π
2 βr−1e−β2/2 on the exceedence probability. We found

the upper bound to be to remarkably accurate for the test examples studied. These preliminary experiments

and the theory suggest that our technique may be useful in applications such as CT, MRI, and computer

vision.
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Figure 1: Global confidence region for a curve estimation problem [5] .
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Figure 2: Setup for a laser range data fitting experiment.

Figure 3: Head image seen from two different view angles.
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(a)

(b)

(c)

Figure 4: The global confidence region for β = 5 with σ = 1: (a) measurement sample locations, (b) width of the
uncertainty region, and (c) zoom on the uncertainty region overlayed with B-spline knots.
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Figure 5: Outermost surface of the global confidence region for β = 5 at σ = 1.

0 1 2 3 4 5 6
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

β

E
rr

or
 p

ro
ba

bi
lit

y

Incomplete gamma
Tube formula
Lower bound (4.1)
FullMC

Figure 6: Comparison of Monte Carlo simulation, the lower bound (4.1), the tube formula, and the incomplete-
Gamma bound in the laser range fitting problem.

(a) (b)

Figure 7: (a) Torus with parameters of (2.9), and (b) global confidence region of the torus in Fig. 7 in a Fourier
imaging problem.
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Figure 8: Comparison of TrueMC, GaussMC, tube formula, the incomplete-Gamma bound and the lower bound in
(4.1) in the Fourier imaging problem for the sample size of (a) 33 and (b) 93.
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