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ABSTRACT

Multidimensional multirate systems have been used widely in signal processing,

communications, and computer vision. Traditional multidimensional multirate

systems are tensor products of one-dimensional systems. While these systems are

easy to implement and design, they are inadequate to represent multidimensional

signals since they cannot capture the geometric structure.Therefore, “true” multi-

dimensional systems are more suited to multidimensional signals, such as images

and videos.

This thesis focuses on the characterization, design, and applications of “true”

multidimensional multirate systems. One key property of multidimensional mul-

tirate systems is perfect reconstruction, which guarantees the original input can

be perfectly reconstructed from the outputs. The most popular multidimensional

multirate systems are multidimensional filter banks, including critically sampled

and oversampled ones. Characterizing and designing multidimensional perfect

reconstruction filter banks have been challenging tasks. For critically sampled

filter banks, previous one-dimensional theory cannot be extended to the multi-

dimensional case due to the lack of a multidimensional factorization theorem.

For oversampled filter banks, existing one-dimensional theory does not work in

the multidimensional case. We derive complete characterizations of multidimen-

sional critically sampled and oversampled filter banks and propose novel design

methods for multidimensional filter banks. We illustrate our multidimensional

multirate system theory by several image processing applications.
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and Vetterli. (b) Four possible solutions. They are new filters. . . 50

3.4 Tenth iteration of the top two filters in Fig 3.3(b), obtained by the
Cayley transform. . . . . . . . . . . . . . . . . . . . . . . . . . . 52

ix



3.5 Nonlinear approximation comparisons. (a) Original “Barbara”
image. Reconstruction images by: (b) an old filter (SNR = 19.7
dB); (c) a new filter (SNR = 20.1 dB). . . . . . . . . . . . . . . 53

3.6 One-to-one mapping between2 × 2 special paraunitary matrices
and2 × 2 special PSH matrices. Here the rectangle stands for a
linear set, while the ellipse stands for a nonlinear set. . . .. . . . 56

3.7 Magnitude frequency response of an orthogonal lowpass filter with
second-order vanishing moments, obtained by the special parau-
nitary matrix and the Cayley transform. The design process is
given in Example 3.7. . . . . . . . . . . . . . . . . . . . . . . . . 61

3.8 Frequency responses of another orthogonal lowpass filter with
second-order vanishing moment, obtained by the special parau-
nitary matrix and the Cayley transform. The design process is
given in Example 3.8. (a) Magnitude; (b) Phase. . . . . . . . . . . 62

4.1 Two-dimensional filter banks and polyphase representation. (a) A
two-dimensional two-channel filter bank:Hi andGi are analysis
and synthesis filters, respectively;D is a2 × 2 sampling matrix.
(b) Polyphase representation:Hp andGp are2 × 2 analysis and
synthesis polyphase matrices, respectively;l0 and l1 are integer
vectors of the formDt, such thatt ∈ [0, 1)2. . . . . . . . . . . . . 66

4.2 Magnitude frequency responses of two orthogonal lowpass fil-
ters with second-order directional vanishing moments: (a)Exam-
ple 4.3. (b) Example 4.4. . . . . . . . . . . . . . . . . . . . . . . 83

4.3 Magnitude frequency responses of two orthogonal lowpass filters
in Example 4.5. They have second-order directional vanishing
moments and one additional point vanishing moment. . . . . . . .84

5.1 Examples of supports of two-dimensional filters: (a) Polynomial
or causal; (b) FIR. . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.2 (a) An MDN -channel oversampled filter bank:Hi andGi are MD
analysis and synthesis filters, respectively;D is anM × M sam-
pling matrix with sampling rateP = | detD| < N . (b) Polyphase
representation:H andG are MD analysis and synthesis polyphase
transform matrices, respectively;{lj}P−1

j=0 is the set of all integer
vectors inFPD(D). . . . . . . . . . . . . . . . . . . . . . . . . 88

5.3 An MDN -channel nonsubsampled filter bank:Hi andGi are MD
analysis and synthesis filters, respectively. . . . . . . . . . . .. . 91

6.1 AnN -channel deconvolution. The original signalX is filtered by
N convolution filters{H1, . . . , HN} with possible additive noise.
The reconstruction signal̂X is the sum of the outputs byN decon-
volution filters{G1, . . . , GN} applied to the respectiveN inputs
{Y1, . . . , YN}. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

x



6.2 (a) Original image of size256 × 256. (b) Noisy image (α =
0.0001,MSE = 52.8). (c) Reconstructed image by traditional
median filtering (MSE = 10.96). (d) Reconstructed image by
proposed threshold median filtering (MSE = 0.025). . . . . . . 135

6.3 (a) Original image of size256 × 256. (b) Noisy image (α =
0.01,MSE = 430.1). (c) Reconstructed image by traditional
median filtering (MSE = 11.11). (d) Reconstructed image by
proposed threshold median filtering (MSE = 3.226). . . . . . . 136

6.4 Convolution outputs corrupted by additive impulsive Gaussian noise
(α = 0.0001,MSE = 51.2). The original image is given in
Fig. 6.3(a) and the convolution filters are given in (6.12). .. . . . 137

6.5 Reconstructed images by the following methods: (a) Linear al-
gebra deconvolution approach without noise removal (MSE =
30.6); (b) Our proposed deconvolution approach without noise re-
moval (MSE = 29.1); (c) Linear algebra deconvolution approach
with noise removal (MSE = 6.5); (d) Our proposed deconvolu-
tion approach with noise removal (MSE = 4.5). . . . . . . . . . 138

6.6 The convolution outputs are corrupted by additive Gaussian noise
with different SNRs: (a) Before reconstructionSNR = 15 dB,
after reconstructionSNR = 17.4 dB; (b) Before reconstruction
SNR = 20 dB, after reconstructionSNR = 22.4 dB; (c) Before
reconstructionSNR = 25 dB, after reconstructionSNR = 27.4
dB; (d) Before reconstructionSNR = 30 dB, after reconstruction
SNR = 32.4 dB. . . . . . . . . . . . . . . . . . . . . . . . . . . 140

7.1 A two-channel nonsubsampled filter bank. . . . . . . . . . . . . .142
7.2 Ideal frequency response of the building block of nonsubsampled

pyramids. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
7.3 Iteration of two-channel nonsubsampled filter banks in the analy-

sis part of a nonsubsampled pyramid. For upsampled filters, only
effective passbands within dotted boxes are shown. . . . . . . .. 144

7.4 Resulting frequency division by a nonsubsampled pyramidgiven
in Fig. 7.3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

7.5 Ideal frequency response of the building block of nonsubsampled
directional filter banks. . . . . . . . . . . . . . . . . . . . . . . . 145

7.6 Upsampling filters by a quincunx matrixQ. . . . . . . . . . . . . 145
7.7 The analysis part of an iterated nonsubsampled directional filter

bank. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
7.8 Resulting frequency division by a nonsubsampled DFB given in

Fig. 7.7. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
7.9 Convolution with a filter upsampled byD. . . . . . . . . . . . . . 147

xi



7.10 The nonsubsampled contourlet transform: (a) Block diagram. First,
a nonsubsampled pyramid split the input into a lowpass subband
and a highpass subband. Then a nonsubsampled DFB decom-
poses the highpass subband into several directional subbands. The
scheme is iterated repeatedly on the lowpass subband. (b) Re-
sulting frequency division, where the number of directionsis in-
creased with frequency. . . . . . . . . . . . . . . . . . . . . . . . 148

7.11 Graphic user interface for the image enhancement. . . . .. . . . 151
7.12 Image enhancement comparison. (a) Original “Barbara” image.

(b) Enhanced by the undecimated wavelet transform. (c) En-
hanced by wavelet packets. (d) Enhanced by the nonsubsampled
contourlet transform. . . . . . . . . . . . . . . . . . . . . . . . . 152

7.13 Another image enhancement comparison. (a) Original optical
coherence tomography image, provided by Professor Boppart’s
Biophotonics Imaging Laboratory at the University of Illinois at
Urbana-Champaign. (b) Enhanced by the undecimated wavelet
transform. (c) Enhanced by wavelet packets. (d) Enhanced bythe
nonsubsampled contourlet transform. . . . . . . . . . . . . . . . . 153

xii



LIST OF TABLES

Table Page

3.1 Six solutions yielding orthogonal filters with second-order van-
ishing moments. . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.2 Coefficients of the top left filter in Fig 3.3(b)h[n1, n2]. . . . . . . 51
3.3 Coefficients of the top right filter in Fig 3.3(b)h[n1, n2]. . . . . . 51
3.4 Successive largest first-order differences and convergence rates

for top two filters in Fig 3.3(b). These two filters are new24-tap
filters designed by the Cayley transform. . . . . . . . . . . . . . . 52

4.1 Orthogonal filter banks with first-order directional vanishing mo-
ments of degree smaller than3. . . . . . . . . . . . . . . . . . . . 71

4.2 Third degree orthogonal FIR filter banks with first-orderdirec-
tional vanishing moments. . . . . . . . . . . . . . . . . . . . . . 76

4.3 Fourth degree orthogonal filter banks with first-order directional
vanishing moments. . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.4 Fifth degree orthogonal filter banks with first-order directional
vanishing moments. . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.5 Sixth degree orthogonal filter banks with first-order directional
vanishing moments. . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.6 Coefficients of the lowpass filterg[n1, n2] in Example 4.3. . . . . 83
4.7 Coefficients of the lowpass filterg[n1, n2] in Example 4.4. . . . . 83

xiii



LIST OF ABBREVIATIONS

1-D One-Dimensional.

2-D Two-Dimensional.

CT Cayley Transform.

DFB Directional Filter Bank.

DVM Directional Vanishing Moments

FB Filter Bank.

FCT FIR-Cayley Transform.

FIR Finite Impulse Response.

GCD Greatest Common Divisor.

IIR Infinite Impulse Response.

MD Multidimensional.

MSE Mean Square Error.

NFFB Nonsubsampled FIR Filter Bank.

NSCT Nonsubsampled Contourlet Transform.

OFDVM Orthogonal Filter Banks with DVM.

PR Perfect Reconstruction.

PSH Para-Skew-Hermitian.

SNR Signal-to-Noise Ratio.

xiv



SPSH Special Para-Skew-Hermitian.

SPU Special Paraunitary.

TMF Threshold Median Filtering.

xv



CHAPTER 1

INTRODUCTION

1.1 Motivation

Multirate systems have been widely used in image processing, audio and video

coding, and computer vision for three decades. In a multirate system, a digital

signal is split into several channels and processed with different sampling rates.

The most popular multirate systems are filter banks as shown in Fig. 1.1. In the

analysis part, a digital input signal is filtered and then downsampled, generating

multiple outputs at lower rates. In the synthesis part, the multiple outputs are

upsampled and then filtered to reconstruct the original signal.

Originally, one-dimensional (1-D) filter banks were proposed by Croisier, Es-

teban, and Galand in the context of subband coding of speech [1]. Independently

but related, Burt and Adelson proposed Laplacian pyramids inthe context of com-

+

D D

D D

D D

ANALYSIS SYNTHESIS

H0

H1

HN−1

G0

G1

GN−1

X X̂

Figure 1.1: MultidimensionalN -channel filter bank:Hi andGi are MD analysis
and synthesis filters, respectively;D is anM × M sampling matrix.
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puter vision and image compression [2]. After that, 1-D multirate systems and

filter banks have been well-studied by a number of researchers, in particular in

connection with wavelets and multiresolution analysis [3–11].

Vetterli extended 1-D multirate systems and filter banks to the multidimen-

sional (MD) case [12]. Since then, MD multirate systems havebeen widely used

for MD data, such as image compression [13–15], video compression [16–19],

and computer vision [20, 21]. Multidimensional filter bankshave achieved great

success in image and video compression. The new image compression standard

JPEG 2000 adopts the wavelet filter bank for transform coding[22]. Multirate

filter banks have been used in the texture coding part of new video compression

standards [23, 24], and are promising to make a breakthroughin scalable video

coding [25].

Traditional MD multirate systems are separable and straightforward exten-

sions from 1-D ones. Transfer functions of a separable system are products of

multiple 1-D filters. Therefore, tensor products can be usedto construct sepa-

rable systems from 1-D systems. In contrast to separable systems, nonseparable

systems are formulated or designed based on the MD structuredirectly, resulting

in more freedom and better frequency selectivity; for example, see [26–28]. In

addition, nonseparable systems lead to flexible directional decomposition of MD

data [29,30]. In recent years, “true” MD multirate systems have received more and

more interest [7,8,31–34]. Figure 1.2 illustrates the difference between traditional

separable systems and new nonseparable systems. Therefore, MD nonseparable

systems are more suited to image and video applications and have received great

attention in recent years.

A desirable and practical requirement for multirate filter banks is perfect re-

construction (PR) where the reconstructed signal is equal tothe original input sig-

nal [4, 35–40]. The PR condition guarantees that a filter bankconstructs a frame.

There are many different kinds of PR filter banks. If a PR filterbank constructs

a tight frame, it is called a tight frame filter bank. Based on the sampling redun-

dancy, MD PR filter banks are divided into critically sampledand oversampled

filter banks. In a critically sampled filter bank, the number of total output samples

is equal to that of the input samples. Critically sampled filter banks are also known

as biorthogonal filter banks [38,39,41,42]. The orthogonal(or loseless) filter bank

is a special class of biorthogonal filter banks that is tight frame [43]. In contrast,

in an oversampled filter banks, the number of total output samples is larger than

that of the input samples. One particular type of oversampled filter banks is the

2



(a) (b)

Contourlet coefficients

(c)

Figure 1.2: Comparison between traditional separable systems and new nonsepa-
rable systems. (a) Original image. (b) Discrete wavelet transform. (c) Contourlet
transform.

3



nonsubsampled filter bank which has no downsampling or upsampling at all. The

classification of PR filter banks is shown in Fig. 1.3.

Nonsubsampled

Tight Frame

Oversampled
Orthogonal

Critically
Sampled

(Biorthogonal)

Oversampled

Tight Frame

Figure 1.3: Classification of MD perfect reconstruction filter banks.

The characterization and design of general MD filter banks are challenging

tasks. The design of critically sampled filter banks leads toa factorization prob-

lem: finding nontrivial polynomial factors of a given polynomial. For the 1-D

case, this problem can be solved by the fundamental theorem of algebra which

proves that any 1-D polynomial can be factored into a productof degree-one

polynomials. However, neither the fundamental theorem of algebra nor the fac-

torization theorem can be extended to the MD case. Mapping approaches have

been proposed to design MD biorthogonal filter banks from 1-Dbiorthogonal fil-

ter banks [44–47]. However, these approaches do not work forMD orthogonal

filter banks. There is very little work in the literature addressing the characteriza-

tion and design of MD orthogonal filter banks for both infiniteimpulse response

(IIR) and finite impulse response (FIR) cases.

The characterization of 1-D nonsubsampled or oversampled FIR filter banks

depends on the coprimeness condition. If the set of analysisFIR filters in a non-

subsampled filter bank is coprime, then there exists a set of synthesis FIR filters

satisfying the perfect reconstruction condition. Moreover, we can use the Eu-

clidean algorithm to compute a set of synthesis FIR filters ifit exists. However,

the coprimeness condition is not true for the MD case and the Euclidean algo-

rithm cannot be extended to the MD case. There is very few literature exploring

MD oversampled FIR filter banks.
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1.2 Problem Statement

In this thesis, we are interested in the characterization, design, and applications

of MD multirate systems. Specifically, we try to solve the following problems

related to MD filter banks:

Invertibility: Given an analysis filter bank, could we perfectly reconstruct the

original input signal?

Characterization: How to characterize perfect reconstruction filter banks?

Design:How to design a perfect reconstruction filter bank for a specific applica-

tion?

To address these problems, we use the following key tools:

Polyphase Representation:Multirate systems are time-variant and thus diffi-

cult to analyze and design. Polyphase representation allows time-invariant

analysis in the polyphase domain.

Polynomial Matrices: Multirate FIR systems are represented by Laurent poly-

nomial matrices in the polyphase domain. We use polynomial matrix tools

to analyze and design multirate FIR systems.

Cayley Transform: Multidimensional orthogonal filter banks are characterized

by a nonlinear paraunitary condition. We use the Cayley transform to con-

vert this nonlinear condition into a linear one.

Algebraic Geometry and Gröbner Bases:Algebraic geometry and Gröbner

bases are powerful tools for multidimensional polynomials. We use them

to characterize the invertibility and to compute the inverses of oversampled

analysis filter banks.

1.3 Thesis Outline

The rest of this thesis is organized as follows. From Chapter 2to Chapter 5, we

propose the characterization and design of multidimensional perfect reconstruc-

tion filter banks. In Chapter 6 and Chapter 7, we present some applications for

multidimensional multirate systems.
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Chapter 2 introduces multidimensional perfect reconstruction filter banks and

their polyphase representation. Then we proposereduction theoremsthat connect

critically sampled filter banks and oversampled filter banks. We show that the

analysis and synthesis filters in each channel of a critically sampled filter bank can

be derived from the remaining synthesis filters and analysisfilters, respectively.

Motivated by the reduction theorems, we definespecial paraunitary matricesand

use such matrices to characterize MD orthogonal filter banks. In the polyphase

domain, orthogonal filter banks are characterized by paraunitary matrices. Special

paraunitary matrices are paraunitary matrices that have determinant 1. We show

that every paraunitary matrix can be characterized by a special paraunitary matrix

and a phase factor. Therefore, the design of paraunitary matrices (and thus of

orthogonal filter banks) becomes the design of special paraunitary matrices, which

requires a smaller set of nonlinear equations.

Chapter 3 presents complete characterizations and novel design of orthogonal

IIR and FIR filter banks in any dimensions using the Cayley transform. Tradi-

tional design methods for 1-D orthogonal filter banks cannotbe extended directly

to higher dimensions due to the lack of a multidimensional spectral factoriza-

tion theorem. In the polyphase domain, orthogonal filter banks are equivalent

to paraunitary matrices and lead to solving a set ofnonlinear equations. The

Cayley transform establishes aone-to-onemapping between paraunitary matrices

and para-skew-Hermitian matrices. In contrast to the paraunitary condition, the

para-skew-Hermitian condition amounts tolinear constraints on the matrix entries

which are much easier to solve. Based on this characterization, we propose effi-

cient methods to design multidimensional orthogonal filterbanks and present new

design results for both IIR and FIR cases. Moreover, we provide complete charac-

terizations of special paraunitary matrices in the Cayley domain, which converts

these nonlinear constraints into linear constraints. Our method greatly simpli-

fies the design of multidimensional orthogonal filter banks and leads to complete

characterizations of such filter banks.

Chapter 4 presents the characterization of two-dimensionalfilter banks with

directional vanishing moments(DVM). The DVM condition is crucial for the ap-

proximation power of directional filter banks. However, designing orthogonal FIR

filter banks with DVM is a challenging task. Kovačevíc and Vetterli investigated

the design of orthogonal FIR filter banks and proposed a set ofclosed-form solu-

tions called thelattice structure, where the polyphase matrix of the filter bank is

characterized with a set of rotation parameters. This type of orthogonal filter bank
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is a general subset of orthogonal filter banks, although thischaracterization is not

complete. Based on this lattice structure, we propose a design method for orthog-

onal filter banks with DVM that imposes the DVM constraint on the rotation pa-

rameters. We find that the solutions of parameters have special structures. Based

on these structures, we find closed-form solutions for orthogonal filter banks with

DVM.

Chapter 5 studies the theory of multidimensional oversampled FIR filter banks.

In the polyphase domain, the perfect reconstruction condition for an oversampled

filter bank amounts to the invertibility of the analysis polyphase matrix, which

is a rectangular FIR matrix. For a nonsubsampled FIR filter bank, its analysis

polyphase matrix is the FIR vector of analysis filters. A major challenge is how

to extend algebraic geometry techniques, which only deal with polynomials (that

is, causal filters), to handle general FIR filters. We proposea novel method to

map the FIR representation of the nonsubsampled filter bank into a polynomial

one by simply introducing a new variable. Using algebraic geometry and Gr̈obner

bases, we propose the existence, computation, and characterization of FIR syn-

thesis filters given FIR analysis filters. We explore the design problem of MD

nonsubsampled FIR filter banks by a mapping approach and investigate some de-

sign issues related to the particular two-channel case. Finally, we extend these

results to general oversampled FIR filter banks.

Chapter 6 presents a new method for general multidimensionalmultichan-

nel deconvolution with FIR convolution and deconvolution filters using Gr̈obner

bases. Previous work formulated the problem of multichannel FIR deconvolution

as the construction of a left inverse of the convolution matrix, which is solved

by numerical linear algebra. However, this approach requires knowledge of the

support of deconvolution filters. We convert the multichannel FIR deconvolution

problem into the nonsubsampled filter bank characterization problem of Chap-

ter 5. Using algebraic geometry and Gröbner bases, we find necessary and suffi-

cient conditions for the existence of exact deconvolution FIR filters and propose

simple algorithms to find these deconvolution filters. The main contribution of our

work is to extend the previous Gröbner basis results on multidimensional multi-

channel deconvolution for polynomial or causal filters to general FIR filters. The

proposed algorithms obtain a set of FIR deconvolution filters with a small number

of nonzero coefficients, and do not require knowledge of the support. Moreover,

we provide a complete characterization of all exact deconvolution FIR filters, from

which the optimal FIR deconvolution filters under the additive white noise en-
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vironment are found. Simulation results show that our approach achieves good

results under different noise settings.

Chapter 7 presents the nonsubsampled contourlet transform and its application

to image enhancement. The contourlet transform provides anefficient directional

multiresolution image representation. Due to the downsampling and upsampling,

the contourlet transform is shift-variant. However, shift-invariance is desirable in

many image analysis applications. To achieve shift invariance, we propose the

nonsubsampled contourlet transform. The nonsubsampled contourlet transform is

built upon nonsubsampled pyramids and nonsubsampled directional filter banks

and provides a shift-invariant directional multiresolution image representation.

Existing methods for image enhancement cannot capture the geometric informa-

tion of images and tend to amplify noise when they are appliedto noisy images

since they cannot distinguish noise from weak edges. In contrast, the nonsubsam-

pled contourlet transform extracts the geometric information of images, which

can be used to distinguish noise from weak edges. Experimental results show the

proposed method achieves better enhancement results than wavelet-based image

enhancement methods.

Finally, we draw conclusions and propose future work in Chapter 8.
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CHAPTER 2

MULTIDIMENSIONAL PERFECT
RECONSTRUCTION FILTER
BANKS

2.1 Introduction

Multidimensional (MD) filter banks have been used widely in image and MD sig-

nal processing. However, most existing MD systems apply filter banks in a sepa-

rable fashion where one-dimensional (1-D) filter banks are used separately along

one dimension at a time. These structures lead to separable sampling and separa-

ble filters, which limit the performance of MD filter banks. Recently, general MD

nonseparable filter banks have received interest.

There are two types of MD perfect reconstruction (PR) filter banks: critically

sampled and oversampled filter banks. Critically sampled filter banks are more

popular and widely used in image compression. Compared to critically sampled

filter banks, oversampled filter banks are redundant. Due to this redundancy, over-

sampled filter banks are more robust to noises and obtain better results in image

analysis and communications. Moreover, the design of oversampled filter banks

is easier than that of critically sampled filter banks.

In the polyphase domain, a filter bank (either critically sampled or oversam-

pled) can be represented by a pair of polyphase matrices:Hp(z) for the anal-

ysis side andGp(z) for the synthesis side. The PR condition is equivalent to

Gp(z)Hp(z) = I. Using this polyphase representation, one of the key results in

this chapter is areduction characterizationof MD critically sampled filter banks.

This chapter includes research conducted jointly with MinhN. Do and Jelena Kovačevíc
[48,49].
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Based on this characterization, we can design an oversampledfilter bank from a

critically sampled one by removing the last pair of analysisand synthesis filters

of a critically sampled filter bank. Conversely, we can designa critically sampled

filter bank from an oversampled one. Moreover, the last analysis and synthesis

filters in a critically sampled filter bank can be derived fromthe rest of synthe-

sis filters and analysis filters, respectively. Particularly, the last pair of analysis

and synthesis filters are uniquely determined by the rest of the filters in FIR filter

banks (up to a scaled delay).

We apply this reduction characterization to orthogonal filter banks. Orthogo-

nal filter banks are characterized by paraunitary matrices in the polyphase domain.

Motivated by the reduction characterization, we introducethespecial paraunitary

(SPU) matrix and use it to characterize MD orthogonal filter banks. A parauni-

tary matrix is said to be special paraunitary if its determinant equals1. We will

show that any paraunitary matrix can be characterized by an SPU matrix and a

phase factor that applies to one column, as illustrated in Fig. 2.1. This leads to

an important signal processing result that anyN -channel orthogonal filter bank is

completely determined by itsN − 1 synthesis filters and a phase factor in the last

synthesis filter. Although this result was shown for 1-D two-channel orthogonal

filter banks [50] and MD two-channel orthogonal filter banks [33], to the best of

our knowledge, this is the first time it is proved for general orthogonal filter banks

of any dimension and any number of channels. Moreover, the design problem

of orthogonal filter banks can be converted into that of SPU matrices, leading to

solving a smaller set of nonlinear equations. In other words, the SPU condition

provides the core of the orthogonal condition for a filter bank.

Phase

Special

Paraunitary

Matrices

Orthogonal

Filter Banks

Paraunitary

Matrices

Figure 2.1: Relationship among orthogonal filter banks, paraunitary matrices, and
special paraunitary matrices. Orthogonal filter banks are characterized by parau-
nitary matrices in the polyphase domain. Paraunitary matrices are characterized
by special paraunitary matrices and phase factors.

The rest of this chapter is organized as follows. In Section 2.2, we introduce

the basic concepts of MD signals, MD sampling, and polyphaserepresentation.

We present MD perfect reconstruction filter banks in Section2.3 and reduction
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characterization in Section 2.4. In Section 2.5, we proposea complete and sim-

plified characterization of MD orthogonal filter banks usingspecial paraunitary

matrices. We draw conclusions in Section 2.6.

2.2 Preliminaries

2.2.1 Multidimensional signals and notations

We start with notations. Throughout the thesis, we will always refer toM as the

number of dimensions or variables (for example,2 for images and3 for videos),

andN as the number of channels. We useZ, Z+, andC stand for the set of inte-

gers, the set of nonnegative integers, and the set of complexnumbers, respectively.

We denote sets, vectors, or matrices by boldface letters, for example,z stands for

anM -dimensional complex variablez = [z1, . . . , zM ]T in CM . Raisingz to an

M -dimensional integer vectork = [k1, . . . , kM ]T yieldszk =
∏M

i=1 zki
i and rais-

ing z to the integer−1 yieldsz−1 = [z−1
1 , . . . , z−1

M ]T . Raisingz to anM × M

integer matrixD yieldszD = [zd1 , . . . ,zdM ]T , wheredi is theith column ofD.

For a matrixA, we useAT for its transpose andAi,j for its entry at(i, j). We use

IP to denote theP × P identity matrix, and omit the subscript when it is clear

from the context.

For anM -dimensional signalx(k), k ∈ ZM , its z-transformX(z) is defined

as

X(z) =
∑

k∈ZM

x(k)z−k,

and its Fourier transform is given byX(e−jω), also denoted byX(ω). We de-

note thez-transform of signals or filters by uppercase letters, and occasionally

we will suppress the variablez for simplicity. Similarly, anM -dimensional filter

h(k), k ∈ ZM can be represented by itsz-transformH(z). The set ofk such

thath(k) is nonzero is called the support ofh(k) or H(z). A filter is calledfinite

impulse response(FIR) filter if its support is finite. Otherwise, it is calledinfinite

impulse response(IIR) filter. For implementation purposes, we consider only fil-

ters with real coefficients. MD FIR filters are easier to implement and hence more

popular. In contrast, IIR filters have greater design freedom and thus generally

offer better frequency selectivity. In this thesis, we willcover both FIR and IIR

filter banks. However, we put more emphasis on FIR filter bankssince they are

more useful and also more difficult to characterize and design.
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2.2.2 Multidimensional sampling and polyphase

representation

Multidimensional sampling plays a key role in MD multirate systems. Compared

to the 1-D sampling, MD sampling is more complex since it involves sampling

matrix and sampling lattices [31, 51, 52]. A sampling matrixD is anM × M in-

teger matrix and its sampling rate is equal to the absolute value of its determinant,

denoted by|D|. A sampling lattice of a sampling matrixD is defined as

LAT (D) = {Dk,k ∈ ZM}. (2.1)

When the sampling matrix is a diagonal matrix, the sampling lattice is separable.

Otherwise, the sampling lattice is nonseparable. TheN -set ofD is given by [7]

N (D) =
{

integer vectorDt : t ∈ [0, 1)M
}
, (2.2)

and its size is equal to the sampling rate|D|.
We extend the 1-D downsampling and upsampling to the MD case using the

sampling matrix and sampling lattice. For an MD signalx(k), its downsampling

and upsampling by the sampling matrixD are given as

xd[k] = x[Dk],

xu[k] =

{
x[D−1k] if k ∈ LAT (D),

0 otherwise.

In the transform domain, they are given by [7]

Xd(ω) =
1

|det(D)|
∑

k∈N (DT )

X(D−T ω − 2πD−T k),

Xu(z) = X(zD).

In the polyphase domain,x(k) is decomposed into a set of downsampled signals:

xj[k] = x[Dk + lj], lj ∈ N (D).
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We can reconstructx(k) from these|D| polyphase components by

X(z) =
∑

lj∈N (D)

z−ljXj(z
D).

We illustrate two-dimensional sampling and polyphase representation in the

following two examples for both separable and nonseparablecases.

Example 2.1 The most popular separable sampling in the two-dimensional case

is sampling by2 in both dimensions as shown in Fig. 2.2(a). Its sampling matrix

and itsN -set are given as

D =

(
2 0

0 2

)
, N (D) =

{(
0

0

)
,

(
1

0

)
,

(
0

1

)
,

(
1

1

)}
. (2.3)

The polyphase representation ofX(z1, z2) is given as

X(z1, z2) = X0(z
2
1 , z

2
2) + z−1

1 X1(z
2
1 , z

2
2) + z−1

2 X2(z
2
1 , z

2
2) + z−1

1 z−1
2 X3(z

2
1 , z

2
2),

k1

k2

(a)

k1

k2

(b)

Figure 2.2: (a) Sampling by2 in two dimensions. (b) Quincunx sampling.

Example 2.2 The most popular nonseparable sampling is quincunx sampling as

shown in Fig. 2.2(b). Its sampling matrix and itsN -set are given as

Q =

(
1 1

1 −1

)
, N (Q) =

{(
0

0

)
,

(
1

0

)}
. (2.4)

The polyphase representation is given as

X(z1, z2) = X0(z1z2, z1z
−1
2 ) + z−1

1 X1(z1z2, z1z
−1
2 ).
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2.3 Multidimensional Perfect Reconstruction Filter

Banks

Consider an MDN -channel filter bank as shown in Fig. 2.3(a). In the analysis and

design of filter banks, polyphase representation is often used as it allows for time-

invariant analysis in the polyphase domain as shown in Fig. 2.3(b). We denote

the sampling rate byP , which is equal to| detD|. In the polyphase domain, the

analysis and synthesis parts can be represented by anN × P matrixHp(z) and a

P × N matrix Gp(z), respectively. The analysis and synthesis filters are related

to the corresponding polyphase matrices as [7]:

Hi(z) =
∑

lj∈N (D)

z−lj{Hp}i, j(z
D), for i = 0, 1, . . . , N − 1, (2.5)

Gi(z) =
∑

lj∈N (D)

zlj{Gp}j, i(z
D), for i = 0, 1, . . . , N − 1. (2.6)

We are interested inperfect reconstruction(PR) filter banks in which the re-

constructed signal equals the input signal, that is,X̂(z) = X(z). In the polyphase

domain, the perfect reconstruction condition is equivalent to

Gp(z)Hp(z) = I. (2.7)

SinceHp(z) is anN ×P matrix, (2.7) implies that implies thatN ≥ P . There are

two types of PR filter banks:critically sampledandoversampled. Critically sam-

pled PR filter banks are also known as biorthogonal filter banks whereN equals

P . In contrast, for oversampled filter banks,N is larger thanP . Particularly, ifP

equals1, then there is no sampling, and such a filter bank is called anonsubsam-

pledfilter bank.

A critically sampled filter bank constructs abasisin the discrete-time domain,

while an oversampled filter bank constructs aframe. A filter bank is tight if it

constructs a tight frame (or orthogonal basis). In the polyphase domain the tight

condition is equivalent to

Gp(z) = HT
p (z−1), (2.8)

which means that the synthesis filters are time-reversal version of the analysis

filters:

Gi(z) = Hi(z
−1).
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ANALYSIS SYNTHESIS
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H1
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G0
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GN−1
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(a)

+

D D
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ANALYSIS SYNTHESIS

X X̂Hp Gp

z−l0

z−l1

z−lP−1

zl0

zl1

zlP−1

(b)

Figure 2.3: (a) MultidimensionalN -channel filter bank:Hi andGi are MD anal-
ysis and synthesis filters, respectively;D is anM × M sampling matrix with
sampling rateP = | detD|. (b) Polyphase representation:Hp are MD analysis
and synthesis polyphase transform matrices, respectively; {lj}P−1

j=0 is the set of all
integer vectors inN (D).
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Therefore, the analysis polyphase matrix of a tight filter bank is aleft paraunitary

matrix that satisfies

HT
p (z−1)Hp(z) = I. (2.9)

Similarly, the synthesis polyphase matrix of a tight filter bank is aright parauni-

tary matrix that satisfies

Gp(z)GT
p (z−1) = I. (2.10)

A critically sampled tight filter bank is called an orthogonal filter bank. Since the

polyphase matrices of an orthogonal filter bank are square matrices, they are both

left paraunitary and right paraunitary. For simplicity, werefer both left paraunitary

and right paraunitary matrices to paraunitary.

In this thesis, we consider only PR filter banks. We omit the subscriptp in the

polyphase matrices for simplicity when it is clear from the context.

2.4 Reduction Characterization

Both critically sampled and oversampled filter banks satisfythe perfect recon-

struction condition given in (2.7). The only difference is that polyphase matrices

of critically sampled filter banks are square, while those ofoversampled filter

banks are rectangular. The characterization and design of critically sampled fil-

ter banks and oversampled filter banks are closely related. On one hand, we can

design an oversampled filter bank from a critically sampled filter bank by drop-

ping some rows inG(z) and corresponding columns inH(z). On the other hand,

we can design a critically sampled filter bank from an oversampled filter bank by

adding some rows inG(z) and corresponding columns inH(z).

Theorem 2.1 SupposeH(z) is anN × N matrix andHN−1(z) is its submatrix

obtained by deleting the last row ofH(z). SupposeG(z) is anotherN×N matrix

andGN−1(z) is its submatrix obtained by by deleting the last column ofG(z).

ThenG(z)H(z) = IN if and only if

HN−1(z)GN−1(z) = IN−1, (2.11)
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and

HN,i(z) = ∆(z)(−1)i+N detGi,N−1 (z), (2.12)

Gi,N(z) = ∆−1(z)(−1)i+N detHN−1,i (z), (2.13)

where∆(z) = detH(z) is an arbitrary nonzero filter,Gi,N−1 (z) is the submatrix

of GN−1(z) obtained by deleting itsith row, andHN−1,i (z) is the submatrix of

HN−1(z) obtained by deleting itsith column.

Proof: SinceH(z) is a square matrix,G(z)H(z) = IN is equivalent to

H(z)G(z) = IN .

In the following, we denote thejth row of H(z) by Hj(z), while we denote

its submatrix consisting of firstN −1 rows byHN−1(z). Similarly, we denote the

jth column ofG(z) by Gj(z), and its submatrix consisting of firstN −1 columns

by GN−1(z).

1. For the necessary condition, supposeH(z) andG(z) have the following

decompositions:

H(z) =

(
HN−1(z)

HN(z)

)
,

G(z) =
(
GN−1(z) GN(z)

)
.

Then

H(z)G(z) =

(
HN−1(z)GN−1(z) HN−1(z)GN(z)

HN(z)GN−1(z) HN(z)GN(z)

)
. (2.14)

SinceH(z)G(z) = IN , (2.14) implies (2.11) and we have

H(z) = G−1(z) =
(
detG(z)

)−1 · adjG(z). (2.15)

Let ∆(z) be∆(z) = detG(z)−1 = detH(z). Then (2.15) directly leads

to (2.12). Similarly, we can prove (2.13).
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2. For the sufficient condition, by (2.14) it suffices to provethat

HN−1(z)GN(z) = 0, (2.16)

HN(z)GN−1(z) = 0, (2.17)

HN(z)GN(z) = 1. (2.18)

For convenience, denote the cofactor and unsigned cofactorof Hi,j(z) by

CH
i,j(z) andDH

i,j(z), respectively. Moreover,

CH
i,j(z) = (−1)i+jDH

i,j(z).

Similarly for CG
i,j(z) andDG

i,j(z). By (2.12) and (2.13),

HN,i(z) = ∆(z)CG
i,N(z),

Gi,N(z) = ∆−1(z)CH
N,i(z), for i = 1, . . . , N.

To prove (2.17), it suffices to prove that

HN(z)Gj(z) = 0, for j = 1, . . . , N − 1. (2.19)

For eachj, let W(z) be anN × N matrix with

W(z) = ( G1(z), G2(z), . . . , GN−1(z), Gj(z) ).

Since the columns ofW(z) are linearly dependent, the determinant of

W(z) is 0. At the same time,

detW(z) =
N∑

i=1

Gi,j(z)CG
i,N(z)

=
N∑

i=1

Gi,j(z)∆−1(z)HN,i(z)

= ∆−1(z)HN(z)Gj(z),

which leads to (2.19). Similarly, we can prove (2.16).
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To prove (2.18), we have

HN(z)GN(z) =
N∑

i=1

HN,i(z)Gi,N(z)

=
N∑

i=1

CG
i,N(z)CH

N,i(z)

=
N∑

i=1

DG
i,N(z)DH

N,i(z).

The(N−1)th compound matrix of(N−1)×N matrixHN−1(z) is a1×N

matrix and can be written as

comp
(
HN−1(z)

)
=

(
DH

N,N(z), DH
N,N−1(z), . . . , DH

N,1(z)
)
.

Similarly, the(N −1)th compound matrix ofN × (N −1) matrixGN−1(z)

is anN × 1 matrix and can be written as

comp
(
GN−1(z)

)
=

(
DG

N,N(z), DG
N−1,N(z), . . . , DG

1,N(z)
)T

.

Therefore,

HN(z)GN(z) = comp
(
HN−1(z)

)
comp

(
GN−1(z)

)
.

For any two matricesA andB, comp(A) comp(B) = comp(AB). There-

fore,

HN(z)GN(z) = comp
(
HN−1(z)GN−1(z)

)
= comp

(
IN−1

)
= 1.

This completes the proof of the sufficiency.

Theorem 2.1 gives the complete characterization ofN -channel critically sam-

pled filter banks usingN channel oversampled filter banks. For critically sampled

FIR filter banks, the characterization is simpler.

Proposition 2.1 SupposeH(z) is anN ×N FIR matrix andHN−1(z) is its sub-

matrix obtained by deleting the last row ofH(z). SupposeG(z) is anotherN×N

FIR matrix andGN−1(z) is its submatrix obtained by by deleting the last column
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of G(z). ThenG(z)H(z) = IN if and only if

HN−1(z)GN−1(z) = IN−1,

and

HN,i(z) = αzk(−1)i+N detGi,N−1 (z), (2.20)

Gi,N(z) = α−1z−k(−1)i+N detHN−1,i (z), (2.21)

whereα is an arbitrary nonzero number,k is an arbitrary integer vectorGi,N−1 (z)

is the submatrix ofGN−1(z) obtained by deleting itsith row, andHN−1,i (z) is

the submatrix ofHN−1(z) obtained by deleting itsith column.

Proof: SincedetH(z) detG(z) = 1, and bothdetH(z) anddetG(z) are

FIR, they must be monomials. SupposedetH(z) = αzk, whereα is a nonzero

number,k is an integer vector. Then the proof follows from Theorem 2.1directly.

By Proposition 2.1, the polyphase matrices of anN -channel biorthogonal FIR

filter bank is completely determined by firstN − 1 rows of the analysis matrix

Hp(z), first N − 1 columns of the synthesis matrixGp(z), and a scaled delay.

Each analysis filter corresponds to a row ofHp(z) in terms of (2.5) and each

synthesis filter corresponds to a column ofGp(z) in terms of (2.6). Therefore,

connecting biorthogonal filter banks with paraunitary polyphase matrices, we ob-

tain the following result.

Proposition 2.2 For any multidimensionalN -channel biorthogonal FIR filter bank,

its last analysis filter is completely determined by its firstN − 1 synthesis filters

and a scaled delay. Similarly, its last synthesis filter is completely determined by

its firstN − 1 analysis filters and a scaled delay.

Proof: By (2.5), the last analysis filter can be written as

HN(z) =
∑

lj∈N (D)

z−lj{Hp}N, j(z
D), (2.22)
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whereD is the sampling matrix used in the biorthogonal filter bank. Combining

(2.22) with (2.20), we have

HN(z) =
∑

lj∈N (D)

z−ljαzDk(−1)j+N det{Gp}j,N−1 (zD),

which means thatHN(z) is completely determined by the firstN − 1 columns of

Gp(z) and a scaled delay. Since the first columns ofGp(z) correspond to first

N − 1 synthesis filters,HN(z) is completely determined by firstN − 1 synthesis

filters and a scaled delay. The proof for the second part is similar.

Now we apply these results to tight PR filter banks or orthogonal filter banks

using (2.8).

Theorem 2.2 SupposeG(z) is anN × N matrix andGN−1(z) is its submatrix

obtained by deleting its last column. ThenG(z) is paraunitary if and only if

GN−1(z) is paraunitary and

Gi,N(z) = (−1)i+N∆(z) detGN−1,i (z
−1), (2.23)

where∆(z) = detG(z) is an allpass filter, andGN−1,i (z
−1) is the submatrix of

GN−1(z
−1) obtained by deleting itsith row. For FIR matrixG(z), ∆(z) = czk,

wherec = ±1 andk is an integer vector.

Proof: From (2.9), we have

detGT (z−1) · detG(z) = 1,

which implies that∆(z) = detG(z) is an allpass filter. IfG(z) is an FIR matrix,

then∆(z) = detG(z) is also an FIR filter. Therefore,∆(z) must be a monomial,

that is,∆(z) = czk, wherec = ±1 andk is an integer vector.

Then the result directly follows from Theorem 2.1.

By Theorem 2.2, anN×N paraunitary matrix is completely determined by its

first N − 1 columns and an allpass filter. This result can be seen as the extension

of that of the unitary matrix: anN × N unitary matrix is completely determined

by its N − 1 columns (up to a unit-norm factor). To illustrate Theorem 2.2, we

consider the two-channel case.

Example 2.3 By Theorem 2.2, a2 × 2 paraunitary matrixG(z) can be written
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as

G(z) =

(
G00(z) −G10(z

−1)∆(z)

G10(z) G00(z
−1)∆(z)

)
,

where∆(z) = detG(z) is an allpass filter andG00(z) and G10(z) satisfy the

paraunitary condition:

G00(z)G00(z
−1) + G10(z)G10(z

−1) = 1,

which is also know as the power complementary condition. For the 1-D case,

Herley and Vetterli showed a similar result in [50]. For the FIR case,∆(z) =

czk, and Kovǎcevíc and Vetterli showed a similar result in [33]. Theorem 2.2

generalizes these results to any dimensions and any number of channels.

Multidimensional orthogonal filter banks are characterized by paraunitary ma-

trices in the polyphase domain. We extend Proposition 2.2 toorthogonal filter

banks.

Proposition 2.3 Any multidimensionalN -channel orthogonal filter bank is com-

pletely determined by itsN − 1 synthesis filters, and a phase factor in the last

synthesis filter. For an orthogonal FIR filter bank, this phase factor is a pure

delay.

Proof: By (2.6), the last synthesis filter can be written as

GN(z) =
∑

li∈N (D)

zli{Gp}i, N(zD), (2.24)

whereD is the sampling matrix used in the orthogonal filter bank. Combining

(2.24) with (2.23), we have

GN(z) = ∆(zD)
∑

li∈N (D)

(−1)i+Nzli det{Gp}N−1,i (z
−D), (2.25)

which means thatGN(z) is completely determined byUN−1(z) and ∆(zD).

Moreover,∆(zD) is also a phase factor since∆(z) is a phase factor. Since an

allpass filter has magnitude gain of unity, passing an allpass system just changes

the phase [53].
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Proposition 2.3 has an intuitive geometric interpretation. The N synthesis

filters can be seen asN orthonormal vectors in anN -dimensional vector space.

Once the firstN − 1 orthonormal vectors are given, the last orthonormal vector

will be completely determined (up to a unit-norm factor).

2.5 Special Paraunitary Matrices and Orthogonal

Filter Banks

We just proposed reduction theorems to characterize biorthogonal filter banks and

orthogonal filter banks. In this section, by introducing thespecial paraunitary

(SPU) matrix, we propose a simplified and complete characterization of MD or-

thogonal filter banks.

2.5.1 Special paraunitary matrices

In the polyphase domain, the polyphase synthesis matrix of an orthogonal filter

bank is aparaunitarymatrixU(z) that satisfies

UT (z−1)U(z) = I, for real coefficients. (2.26)

We definespecial paraunitary(SPU) matrices as paraunitary matrices with the

determinant1. SPU matrices satisfy all the properties of paraunitary matrices.

In addition, the product of two SPU matrices is also SPU. The concept of the

special paraunitary matrix is similar to that of the specialorthogonal matrix. An

orthogonal matrix is said to be special orthogonal if its determinant equals1. Like

a special orthogonal matrix, an SPU matrix has a normalized determinant1. It

would now seem as if we had one more equation to solve than for the paraunitary

matrix. On the contrary, we will show that the normalized determinant allows us

to reduce the number of nonlinear equations and thus simplify the design problem.

Theorem 2.3 SupposeU(z) is anN × N matrix andUN−1(z) is its submatrix

obtained by deleting its last column. ThenU(z) is special paraunitaryif and only

if

UT
N−1(z

−1)UN−1(z) = IN−1, (2.27)

and

Ui,N(z) = (−1)i+N detUN−1,i (z
−1), (2.28)
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whereUN−1,i (z
−1) is the submatrix ofUN−1(z

−1) obtained by deleting itsith

row.

Proof:

By Theorem 2.2, the necessity follows directly. For the sufficiency, we only

need to prove that the givenU(z) has determinant1.

For a matrixA, the cofactor ofAi,j is defined as(−1)i+j detA(i, j), where

A(i, j) is the submatrix ofA obtained by deleting itsith row andjth column. For

convenience, denote the cofactor and unsigned cofactor ofUi,j(z) by Ci,j(z) and

Di,j(z), respectively. Moreover,

Ci,j(z) = (−1)i+jDi,j(z).

By assumption,

Ui,N(z) = Ci,N(z−1) for all i.

The determinant ofU(z) can be written as

detU(z) =
N∑

i=1

Ui,N(z)Ci,N(z) (2.29)

=
N∑

i=1

Ci,N(z−1)Ci,N(z)

=
N∑

i=1

Di,N(z−1)Di,N(z).

The (N − 1)th compound matrix ([54] pp. 19-20) of anN × (N − 1) matrix

UN−1(z) is anN × 1 matrix and can be written as

comp
(
UN−1(z)

)
=

(
DN,N(z), DN−1,N(z), . . . , D1,N(z)

)T
.

Similarly, the(N − 1)th compound matrix of an(N − 1)×N matrixUT
N−1(z

−1)

is a1 × N matrix and can be written as

comp
(
UT

N−1(z
−1)

)
=

(
DN,N(z−1), DN−1,N(z−1), . . . , D1,N(z−1)

)
.

Therefore,

detU(z) = comp
(
UT

N−1(z
−1)

)
comp

(
UN−1(z)

)
.

24



For any two matricesA andB, comp(A) comp(B) = comp(AB) ([54] p. 20).

Therefore,

detU(z) = comp
(
UT

N−1(z
−1)UN−1(z)

)
= comp

(
IN−1

)
= 1.

By Theorem 2.3, to design an SPU matrixU(z), we first choose its firstN −1

columns satisfying (2.27), independent of the last column.After that, we can sim-

ply compute the last column ofU(z) from its firstN − 1 columns using (2.28).

In other words, to solve the SPU condition, we only need to solve the condition

(2.27) instead of the paraunitary condition (2.26). A direct expansion of (2.26)

generatesN2 equations. Among them, there areN(N − 1)/2 equivalent pairs.

Therefore, the paraunitary condition (2.26) leads toN(N + 1)/2 equations with

N2 unknowns. The condition (2.27) leads toN(N −1)/2 equations withN2 −N

unknowns. Moreover, it can be seen that the set of nonlinear equations generated

by (2.27) is a subset of that generated by (2.26). Therefore,solving the SPU con-

dition instead of the paraunitary condition saves usN nonlinear equations andN

unknowns, leading to a simpler design problem. To illustrate this simplification,

we consider two-channel and three-channel cases.

Example 2.4 LetU(z) be a2 × 2 matrix with

U(z) =

(
U00(z) U01(z)

U10(z) U11(z)

)
.

Then the paraunitary conditionUT (z−1)U(z) = I becomes





U00(z)U00(z
−1) + U01(z)U01(z

−1) = 1,

U00(z)U10(z
−1) + U01(z)U11(z

−1) = 0,

U10(z)U10(z
−1) + U11(z)U11(z

−1) = 1.

(2.30)

Solving this system involves solving3 nonlinear equations with4 unknownsU00,

U01, U10, U11.

In contrast, ifU(z) is SPU, then (2.27) becomes

U00(z)U00(z
−1) + U10(z)U10(z

−1) = 1. (2.31)

After solving (2.31), by Theorem 2.3 the second column ofU(z) can be computed
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as

U01(z) = −U10(z
−1) and U11(z) = U00(z

−1).

In other words, the complete characterization of a2 × 2 SPU matrixUs(z) is

Us(z) =

(
U00(z) −U10(z

−1)

U10(z) U00(z
−1)

)
, (2.32)

whereU00(z) and U10(z) satisfy the power complementary property given in

(2.31). Therefore, for2 × 2 SPU matrices, we need solve only1 nonlinear equa-

tion with2 unknowns, instead of3 nonlinear equations with4 unknowns required

for general2 × 2 paraunitary matrices.

Example 2.5 LetU(z) be a3 × 3 matrix with

U(z) =




U00(z) U01(z) U02(z)

U10(z) U11(z) U12(z)

U20(z) U21(z) U22(z)


 .

Then the paraunitary conditionUT (z−1)U(z) = I leads to6 nonlinear equations

with 9 unknowns.

In contrast, ifU(z) is SPU, then (2.27) becomes

(
U00(z

−1) U10(z
−1) U20(z

−1)

U01(z
−1) U11(z

−1) U21(z
−1)

)


U00(z) U01(z)

U10(z) U11(z)

U20(z) U21(z)


 =

(
1 0

0 1

)
,

(2.33)

which amounts to3 nonlinear equations with6 unknowns in the first two columns

of U(z). After solving (2.33), by Theorem 2.3, the third column ofU(z) can be

computed as

U02(z) = U10(z
−1)U21(z

−1) − U11(z
−1)U20(z

−1),

U12(z) = U01(z
−1)U20(z

−1) − U00(z
−1)U21(z

−1),

U22(z) = U00(z
−1)U11(z

−1) − U01(z
−1)U10(z

−1).

Therefore, for3 × 3 SPU matrices, we need solve3 nonlinear equations with6

unknowns, instead of6 nonlinear equations with9 unknowns required for general
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3 × 3 paraunitary matrices.

2.5.2 Reduction characterization of orthogonal filter banks

We just showed that designing SPU matrices is easier than designing paraunitary

matrices. In this subsection, we will characterize paraunitary matrices via SPU

matrices and use this characterization to simplify the design of MD orthogonal

filter banks.

Proposition 2.4 A matrixU(z) is paraunitaryif and only if it can be written as

U(z) = Us(z)Λ(z) such thatUs(z) is a special paraunitary matrix, and

Λ(z) = diag
(
1, . . . , 1, ∆(z)

)
, (2.34)

where∆(z) = detU(z) is an allpass filter, that is,∆(z)∆(z−1) = 1.

Proof: Suppose thatU(z) is a paraunitary matrix. From (2.26), we have

detUT (z−1) · detU(z) = 1,

which implies that∆(z) = detU(z) is an allpass filter. Therefore, the diagonal

matrixΛ(z) defined as in (2.34) is paraunitary. LetUs(z) = U(z)Λ−1(z). Then

Us(z) is also paraunitary, and

detUs(z) = detU(z)∆−1(z) = 1,

which means thatUs(z) is SPU.

The sufficient condition is straightforward to verify.

For paraunitary FIR matrices, we have the following corollary.

Corollary 2.1 A matrix U(z) is a paraunitary FIR matrixif and only if it can

be written asU(z) = Us(z)Λ(z) such thatUs(z) is a special paraunitary FIR

matrix, and

Λ(z) = diag
(
1, . . . , 1, czk

)
, (2.35)

whereczk = detU(z), andc = ±1 andk is an integer vector.

Proof: SupposeU(z) is a paraunitary FIR matrix. Then∆(z) = detU(z)

is an FIR filter, and by Proposition 2.4,∆(z) is an allpass filter. Therefore,∆(z)
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must be a monomial, that is,∆(z) = czk, wherec = ±1 andk is an integer

vector.

By Proposition 2.4, any paraunitary matrixU(z) can be converted into an

SPU matrix, where the firstN − 1 columns of the matrix are kept the same and

the last column is multiplied with the allpass filter
(
detU(z)

)−1
.

To illustrate Proposition 2.4, we give an example.

Example 2.6 LetU(z) be a2 × 2 paraunitary FIR matrix with

U(z) =

(
U00 U01(z)

U10 U11(z)

)
,

whereU00 and U10 are two scalars. By Corollary 2.1,U(z) can be written as

U(z) = Us(z)Λ(z), where

Λ(z) =

(
1 0

0 czk

)
.

Using (2.32), we haveUs(z) is a specialorthogonalmatrix. In other words,U(z)

can be expressed as

U(z) =

(
cos θ sin θ

− sin θ cos θ

) (
1 0

0 czk

)
,

which is just an MD lattice structure.

Connecting orthogonal filter banks with paraunitary polyphase matrices using

(2.25), we obtain the following results.

Corollary 2.2 Any multidimensional orthogonal filter bank is characterized by a

special paraunitary matrix and a phase factor in the last synthesis filter. For an

orthogonal FIR filter bank, this phase factor is a pure delay.

2.6 Conclusion

Multidimensional perfect reconstruction filter banks consist of critically sampled

and oversampled filter banks. In the polyphase domain, the perfect reconstruction

condition requires that the product of the analysis polyphase matrix and the syn-

thesis polyphase matrix is equal to an identity matrix. Using this representation,
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we propose a reduction characterization of critically sampled filter banks: The

last analysis and synthesis filters in a critically sampled filter bank can be derived

from the rest of the synthesis filters and analysis filters, respectively; the rest of

the analysis and synthesis filters can generate an oversampled filter bank. Particu-

larly, the last pair of analysis and synthesis filters are uniquely determined by the

rest of the filters in an FIR filter bank (up to a scaled delay).

Designing multidimensional orthogonal filter banks amounts to designing pa-

raunitary matrices. The paraunitary condition amounts to aset of nonlinear equa-

tions involving all matrix entries. We introduce special paraunitary matrices —

paraunitary matrices with determinant1. Since the last column of anN ×N spe-

cial paraunitary matrix is completely determined by its first N − 1 columns, the

special paraunitary condition yields a smaller set of nonlinear equations. Thus,

special paraunitary matrices have simpler structure than paraunitary matrices and

are easier to design. Furthermore, since any paraunitary matrix can be charac-

terized by a special paraunitary matrix and a phase factor, we can use special

paraunitary matrices to simplify the design of paraunitarymatrices and thus of

multidimensional orthogonal filter banks.

29



CHAPTER 3

MULTIDIMENSIONAL
ORTHOGONAL FILTER BANKS
AND THE CAYLEY TRANSFORM

3.1 Introduction

Over the last decade, the theory and applications of filter banks have grown rapidly

[8, 46, 52, 56–58]. Among them, orthogonal filter banks received particular at-

tention due to their useful properties [31, 43, 45, 59]. First, orthogonality im-

plies energy preservation, which guarantees that the energy of errors generated

by transmission or quantization will not be amplified. Second, under certain

conditions, orthogonal filter banks can be used to constructorthonormal wavelet

bases [60, 61]. Third, orthogonal filter banks offer certainconveniences; for ex-

ample, the bestM -term approximation is simply done by keeping thoseM coef-

ficients with largest magnitude.

One-dimensional (1-D) orthogonal filter banks have been well studied. Her-

ley and Vetterli considered the theory and design of 1-D two-channel orthogonal

infinite impulse response (IIR) filter banks [50]. Selesnick proposed explicit for-

mulas for two classes of 1-D two-channel orthogonal IIR filters [62]. However,

their design methods need spectral factorization and hencecannot be extended to

higher dimensions directly.

In the 1-D two-channel finite impulse response (FIR) filter bank case, there

exist several filter design methods. Among them, designs based on spectral factor-

izations [36] and designs based on lattice factorizations [7] are the most effective

This chapter includes research conducted jointly with MinhN. Do and Jelena Kovačevíc
[48,49,55].
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and widely used. The first method, which was proposed by Smithand Barn-

well [36], designs the autocorrelation sequence of a filter and then obtains that

filter via spectral factorization. This method was used by Daubechies to construct

the celebrated family of orthogonal compactly supported wavelets [60]. How-

ever, as the size of the filter grows, spectral factorizationbecomes numerically

ill-conditioned. Moreover, this method is difficult to extend to higher dimensions

due to the lack of a multidimensional (MD) factorization theorem.

The second method, which was proposed by Vaidyanathan [7], formulates the

filter design problem as that of a polyphase transform matrixwhich has to be a

paraunitary1 matrix,U(z) such that

U(z)UT (z−1) = I, for real coefficients, (3.1)

whereI is an identity matrix. These authors provided a complete characteriza-

tion of paraunitary FIR matrices for 1-D filter banks via a lattice factorization.

However, in multiple dimensions the lattice structure isnot a complete character-

ization.

In multiple dimensions, there are two types of orthogonal filter banks: sepa-

rable and nonseparable orthogonal filter banks. Transfer functions of a separable

filter bank are products of multiple 1-D orthogonal filters. Therefore, tensor prod-

ucts can be used to construct separable orthogonal filter banks from 1-D orthogo-

nal filter banks. In contrast to separable filter banks, nonseparable orthogonal filter

banks are designed based on the MD structure directly, resulting in more freedom

and better frequency selectivity. In addition, nonseparable filter banks lead to

flexible directional decomposition of multidimensional data [29, 30]. Therefore,

nonseparable orthogonal filter banks have received more interest in recent years.

Due to complexity, it is a challenging task to design nonseparable MD orthog-

onal filter banks. In the IIR case, Fettweis et al. applied wave digital filters and

designed a class of orthogonal filter banks [63]. In the FIR case, to avoid spectral

factorization, Kovǎcevíc and Vetterli used the lattice structure to parameterize the

paraunitary matrices in MD and successfully designed specific two-dimensional

(2-D) and three-dimensional nonseparable orthogonal FIR filter banks [33]. How-

ever, their method could not find all solutions since the MD lattice structure is

not a complete characterization. Recently, Delgosha and Fekri derived a com-

1A paraunitary matrix is an extension of a unitary matrix whenthe matrix entries are Laurent
polynomials. Paraunitary matrices are unitary on the unit circle.
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plete factorization for 2-D orthogonal FIR filter banks based on degree-one IIR

building blocks [64]. The focus of their work is to find a factorization of a given

orthogonal FIR filter bank, while the focus of our work is to provide a complete

characterization and design of orthogonal filter banks. Themethod in [64] can

factorize an orthogonal FIR filter bank into IIR terms, but there is no complete

characterization for those IIR building blocks that lead toan FIR filter bank.

In this chapter, we propose a complete characterization of multidimensional

orthogonal filter banks and a novel design method for both orthogonal IIR filter

banks and orthogonal FIR filter banks using theCayley transform(CT) [54] and

special paraunitary(SPU) matrix. The Cayley transform of a matrixU(z) is

defined as

H(z) =
(
I + U(z)

)−1(
I − U(z)

)
. (3.2)

The inverse of the CT is

U(z) =
(
I + H(z)

)−1(
I − H(z)

)
. (3.3)

The CT is a matrix generalization of the bilinear transform ([53] pp. 415–

417), which is defined ass = (1 + z)−1(1 + z). The bilinear transform maps the

imaginary axis of the complexs-plane onto the unit circle in the complexz-plane.

It is widely used in signal processing theory, for example, to map continuous-time

systems to discrete-time systems. The CT is a powerful tool toconvert a nonlinear

problem into a linear one and is widely used in control theoryand Lie groups [65].

We will show that the CT maps a paraunitary matrix to apara-skew-Hermitian2

(PSH) matrixH(z) that satisfies

H(z−1) = −HT (z), for real coefficients. (3.4)

Conversely, the inverse CT maps a PSH matrix to a paraunitary matrix. Therefore,

the CT establishes a one-to-one mapping between paraunitarymatrices and PSH

matrices, as shown in Fig. 3.1.

Our key observation is that in contrast to solving for the nonlinear paraunitary

condition in (3.1), the PSH condition amounts tolinear constraints on the matrix

entries in (3.4), leading to an easier design problem. The basic idea is that we first

2A para-skew-Hermitian matrix is an extension of a skew-Hermitian matrix when the matrix
entries are Laurent polynomials. Para-skew-Hermitian matrices are skew-Hermitian on the unit
circle.
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Figure 3.1: One-to-one mapping between paraunitary matrices and para-skew-
Hermitian matrices via the Cayley transform.

design a PSH matrix and then map it back to a paraunitary matrix by the CT. This

approach simplifies the design problem of orthogonal filter banks. However, there

are three challenges in this design approach due to the matrix inversion term in

the CT. The first is how to guarantee that the matrix inverse exists. The second

is that the CT destroys the FIR property because of this term; that is, the CT of

an FIR matrix is in general no longer FIR. Thus, the CT maps a paraunitary FIR

matrix to a PSH IIR matrix. For orthogonal FIR filter banks, weneed to find a

complete characterization of these PSH matrices such that their inverse CTs are

FIR. The third is how to impose certain filter bank conditions (such as vanishing

moments) in the Cayley domain. In this chapter, we address these issues, leading

to a complete characterization and a novel design method forMD orthogonal filter

banks.

The rest of the paper is organized as follows. In Section 3.2,we study the link

between orthogonal filter banks and the Cayley transform. Thetheory and design

of orthogonal IIR filter banks is given in Section 3.3. The theory and design of

orthogonal FIR filter banks, including the general multiple-channel case and the

particular two-channel case, are given in Sections 3.4 and 3.5, respectively. In

Section 3.6, we study the Cayley transform of special paraunitary matrices, char-

acterization of two-channel special paraunitary matricesin the Cayley domain,

and design of two-channel orthogonal filter banks. We conclude in Section 3.7.

3.2 Cayley Transform

Orthogonal filter banks are characterized by paraunitary matrices in the polyphase

domain. As mentioned in Section 3.1, the CT maps a paraunitarymatrix to a PSH

matrix. To use the CT, we must make sure thatI + U(z) is invertible as required

in (3.2). If I + U(z) is not invertible, we can adjust the filter bank by multiplying

some filters with−1, to obtain an equivalent filter bank that has CT. Doing so is

equivalent to multiplying the corresponding rows ofU(z) with −1 to obtain an

equivalent paraunitary matrix. In this way, we can generate2N equivalentU(z)
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from oneN -channel orthogonal filter bank. The following propositionguarantees

that among those2N equivalent matrices there exists at least oneU(z) such that

I + U(z) is invertible.

Proposition 3.1 SupposeU(z) is anN ×N matrix andΛ is anN ×N diagonal

matrix whose diagonal entries are either1 or −1. Then there exists at least oneΛ

such thatI + ΛU(z) is nonsingular.

Proof: We prove it by induction.

1. WhenN = 1, thenΛ = 1, or Λ = −1. Obviously, either1 + U(z) or

1 − U(z) must be nonsingular.

2. Suppose the proposition holds forN = k. Now considerN = k + 1.

Express the(k + 1) × (k + 1) matrixU(z) as

U(z) =

(
Uk U1,k

Uk,1 uk,k

)
.

By assumption, we can find ak× k diagonal matrixΛ∗, such thatI+Λ∗Uk

is nonsingular. LetΛ1 andΛ2 be two(k + 1) × (k + 1) diagonal matrices

such that

Λ1 =

(
Λ∗ 0

0 1

)
and Λ2 =

(
Λ∗ 0

0 −1

)
.

We will show that eitherI + Λ1U(z) or I + Λ2U(z) must be nonsingular.

We have

I + Λ1U(z) =

(
Ik + Λ∗Uk Λ∗U1,k

Uk,1 1 + uk,k

)
,

I + Λ2U(z) =

(
Ik + Λ∗Uk Λ∗U1,k

−Uk,1 1 − uk,k

)
,

whereIk is ak × k identity matrix.

Let W be a(k + 1) × (k + 1) matrix such that its firstk rows are the same

as those of bothI + Λ1U(z) andI + Λ2U(z), and its last row is the sum of

the last rows ofI + Λ1U(z) andI + Λ2U(z). Then

detW = det(I + Λ1U(z)) + det(I + Λ2U(z)). (3.5)
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And

detW = det

(
Ik + Λ∗Uk Λ∗U1,k

0 2

)
= 2 det(I + Λ∗Uk).

By assumption,detW 6= 0, and thus from (3.5), eitherI + Λ1U(z) or

I + Λ2U(z) must be nonsingular.

By Proposition 3.1, we can always find an equivalent paraunitary polyphase

matrix U(z) for any orthogonal filter bank such thatI + U(z) is invertible and

thus its CT,H(z), exists. To obtainU(z) from H(z) by the inverse CT, we must

make sure thatI + H(z) is also invertible as required in (3.3). The following

proposition showsI + H(z) = 2
(
I + U(z)

)−1
and hence that the condition for

I+H(z) to be invertible is equivalent to the condition forI+U(z) to be invertible.

Proposition 3.2 Suppose thatH(z) is the Cayley transform ofU(z). Then

H(z) = 2
(
I + U(z)

)−1 − I and U(z) = 2
(
I + H(z)

)−1 − I.

Proof: Using (3.2) we have

I + H(z) = I +
(
I + U(z)

)−1(
I − U(z)

)

=
(
I + U(z)

)−1
[
(
I + U(z)

)
+

(
I − U(z)

)
]

= 2
(
I + U(z)

)−1
.

From Proposition 3.1 and Proposition 3.2,I + H(z) is invertible. Thus, we

can associate any orthogonal filter bank with a paraunitary matrix U(z) and a

PSH matrixH(z) such that bothI+U(z) andI+H(z) are invertible. Therefore,

in the rest of the paper, without loss of generality we can assume that both of them

are invertible so that the CT and the inverse CT always exist. Now we prove that

the CT maps paraunitary matrices to PSH matrices and vice versa.

Theorem 3.1 The Cayley transform of a paraunitary matrix is a PSH matrix.

Conversely, the Cayley transform of a PSH matrix is a paraunitary matrix.
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Proof: For the first part, suppose thatU(z) is a paraunitary matrix andH(z)

is the CT ofU(z). Then using (3.2)

HT (z−1) =
(
I − UT (z−1)

)(
I + UT (z−1)

)−1

=
(
U(z)UT (z−1) − UT (z−1)

)(
U(z)UT (z−1) + UT (z−1)

)−1

=
(
U(z) − I

)
UT (z−1)

(
UT (z−1)

)−1(
U(z) + I

)−1

= −
(
I − U(z)

)(
I + U(z)

)−1
.

It can be easily checked that
(
I − U(z)

)
and

(
I + U(z)

)−1
are commutable.

Therefore,

HT (z−1) = −
(
I + U(z)

)−1(
I − U(z)

)
= −H(z).

For the second part, suppose thatH(z) is a PSH matrix andU(z) is the CT of

H(z). Then

UT (z−1) =
(
I − HT (z−1)

)(
I + HT (z−1)

)−1

=
(
I + H(z)

)(
I − H(z)

)−1
.

Similarly,
(
I + H(z)

)
and

(
I − H(z)

)−1
are commutable. Therefore,

U(z)UT (z−1) =
(
I + H(z)

)−1(
I − H(z)

)(
I − H(z)

)−1(
I + H(z)

)
= I.

Recently, we find that Bose and Fettweis also showed independently that pa-

raunitary matrices are characterized by PSH matrices in theCayley domain [66].

3.3 Orthogonal IIR Filter Banks

3.3.1 Complete characterization

By Theorem 3.1, the CT establishes a one-to-one mapping between paraunitary

matrices and PSH matrices. The set of paraunitary matrices is a nonlinear Stiefel

manifold, while the set of paraunitary matrices is alinear space. In other words,

if A(z) andB(z) are two PSH matrices of same size, thenαA(z) + β B(z) is

also a PSH matrix for any real numbersα andβ.
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For implementation purposes, we consider IIR filter banks with rational filters3

only. In the polyphase domain, IIR filter banks lead to IIR matrices, entries of

which are rational functions. Based on Theorem 3.1, we can obtain the complete

characterization of orthogonal IIR filter banks with rational filters:

Proposition 3.3 The complete characterization of orthogonal IIR filter banks with

rational filters in the Cayley domain is PSH IIR matrices.

Proof: By Theorem 3.1 and the fact that the CT of a rational matrix is still

rational.

By Proposition 3.3, to design an orthogonal IIR filter bank, wecan first de-

sign a PSH matrix in the Cayley domain, and then map it back to a paraunitary

polyphase matrix.

This method simplifies our design problem, since the PSH condition amounts

to linear constraints on the matrix entries, while the paraunitary condition amounts

to nonlinear ones. Take the two-channel case as an example; for multiple-channel

cases the results are similar. LetU(z) be a2 × 2 paraunitary matrix with

U(z) =

(
U00(z) U01(z)

U10(z) U11(z)

)
.

Then the paraunitary conditionU(z)UT (z−1) = I is equivalent to (2.30). Solving

the system (2.30) involves solving three nonlinear equations with respect to the

entries ofU(z). In contrast, letH(z) be a2 × 2 PSH matrix with

H(z) =

(
H00(z) H01(z)

H10(z) H11(z)

)
.

Then the PSH conditionH(z−1) = −HT (z) becomes





H00(z
−1) = −H00(z),

H11(z
−1) = −H11(z),

H01(z
−1) = −H10(z).

(3.6)

Here, solving the system (3.6) involves solving only three independent linear

equations with respect to the entries ofH(z). Moreover, these equations are de-

coupled. Specifically, we only need to design two antisymmetric filters, H00(z)

3A filter is said to be rational if itsz-transform is a rational function.
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andH11(z), independently and then choose one arbitrary filterH10(z) leading

to H01(z) as in the last equation of (3.6). Then the problem of designing H(z)

converts to that of designing antisymmetric filters, which is a simple problem as

shown by the following proposition:

Proposition 3.4 SupposeW (z) is an IIR filter with a rational function:W (z) =

A(z)/B(z), whereA(z) and B(z) are coprime polynomials. ThenW (z−1) =

−W (z) if and only if

A(z−1) = czmA(z) and B(z−1) = −czmB(z),

wherem is an arbitrary integer vector, andc = ±1.

Proof: The proof of the sufficient condition is obvious. For the necessary

condition, supposeW (z−1) = −W (z). ThenA(z−1)B(z) = −A(z)B(z−1).

SinceA(z) andB(z) are coprime polynomials, there exists an FIR filterR(z),

such that

A(z−1) = R(z)A(z). (3.7)

By replacingz by z−1 in (3.7), we obtain

A(z) = R(z−1)A(z−1). (3.8)

By multiplying (3.7) and (3.8) we have

R(z)R(z−1) = 1.

Therefore,R(z) is an allpass FIR filter, i.e.,R(z) = czm, which completes the

proof.

3.3.2 Design examples of 2-D quincunx IIR filter banks

In this subsection, we consider the design of 2-D quincunx orthogonal IIR filter

banks as an illustration of the CT design method. It is straightforward to extend it

to the the higher dimensional and more channels cases.

Quincunx sampling is density-2 sampling, leading to the two-channel case. Of

all MD sampling patterns, the quincunx one is the most common. However, since
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the sampling is nonseparable, it offers challenges. For thequincunx sampling, its

sampling matrix and the integer vectors in the fundamental parallelepiped in (2.6)

can be written as

D =

(
1 1

1 −1

)
, and l0 =

(
0

0

)
, l1 =

(
1

0

)
.

From (2.6), the lowpass filterG0(z) of the quincunx filter bank can be written as

G0(z1, z2) = U00(z1z2, z1z
−1
2 ) + z1U10(z1z2, z1z

−1
2 ). (3.9)

In the context of wavelet design, the vanishing-moment condition plays an

essential role. This condition requires the lowpass filterG0(z1, z2) to haveLth-

order zero derivatives atz = [−1,−1]T , i.e.,

∂nG0(z1, z2)

∂zi
1∂zn−i

2

∣∣∣∣
(−1,−1)

= 0, for n = 0, 1, . . . , L − 1; i = 0, 1, . . . , n, (3.10)

where the number of equations equals the number of vanishingmoments.

The design process is as follows: First, we parameterize twoantisymmet-

ric filters H00(z1, z2) andH11(z1, z2) by Proposition 3.4, and one arbitrary filter

H01(z1, z2). Second, we compute the CT of the PSH matrix generated by these

three filters and then compute the lowpass filter from the polyphase matrix in

terms of (3.9). Third, we impose the vanishing-moment condition on the lowpass

filter.

To illustrate our design process, we design two orthogonal filters with the

second-order vanishing moments. In terms of (3.10), the number of vanishing

moments is3 and hence the number of free variables in the parametrization for

H(z) is also3.

Example 3.1

1. In this example, we chooseH00(z1, z2) and H11(z1, z2) to be zeros, and

parameterizeH01(z1, z2) as

H01(z1, z2) =
1

a1 + a2z1 + a3z2

.

2. Take the CT ofH(z) to get Gp(z) = U(z) and impose the vanishing-
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Figure 3.2: Magnitude frequency responses of two orthogonal lowpass filters with
second-order vanishing moment, obtained by the Cayley transform. (a) Exam-
ple 3.1. (b) Example 3.2.

moment condition on the lowpass filterG0(z) as in (3.10), which leads to





a2 = a3,

a1 = −2a2 − 2a3,

(a1 + a2 + a3 − 1)2 = 2.

3. Obtain the solutions:

a2 = a3 = −1

2
± 1√

2
, a1 = −4a2.

The magnitude frequency response of the resulting lowpass filter in the quincunx

filter bank is given in Fig. 3.2(a).

Example 3.2

1. In this example, we chooseH(z1, z2) to be FIR, and parameterize antisym-

metric filtersH00(z1, z2) andH11(z1, z2) as

H00(z1, z2) = a1(z1 − z−1
1 ),

H11(z1, z2) = a2(z2 − z−1
2 ),
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andH01(z1, z2) as

H01(z1, z2) = a3.

2. Take the CT ofH(z) to get Gp(z) = U(z) and impose the vanishing-

moment condition on the lowpass filterG0(z) as in (3.10), which leads to





a2 = a1 + a3,

a2
3 + 2a3 − 1 = 0,

a1(1 − a3) + a3(1 + a3)a2 = 0.

3. Obtain the solutions:

a3 = −1 ±
√

2, a1 = −a3/2, a2 = a3/2.

The resulting lowpass filter in the quincunx filter bank has good diamond-like

shape of magnitude frequency response as shown in Fig. 3.2(b).

3.4 Orthogonal FIR Filter Banks

In the polyphase domain, FIR filter banks lead to FIR matrices, entries of which

are polynomial functions. To design orthogonal FIR filter banks, we need to de-

sign paraunitary FIR matrices. In this section, we assume thatU(z) is anN × N

paraunitary FIR matrix. From (3.1),detU(z) · detUT (z−1) = 1. Therefore,

detU(z) is an allpass FIR filter and hence a monomial. Thus, we have

detU(z) = cz−k,

wherec = ±1, andk is the McMillan degree of the orthogonal filter bank derived

from U(z), which is defined as the minimum number of delay units for each

dimension [67].

As mentioned in Section 3.1, althoughU(z) is an FIR matrix, in generalH(z)

is not because of the factor
(
I + U(z)

)−1
. Thus, we need to find a complete

characterization of PSH matrices such that their CT’s are FIR.
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According to the Cramer’s rule, we have

H(z) =
(
I + U(z)

)−1(
I − U(z)

)
=

adj
(
I + U(z)

) (
I − U(z)

)

det
(
I + U(z)

) , (3.11)

where adjA denotes the adjugate ofA. In other words,H(z) can be represented

as the quotient of an FIR matrix and an FIR filter. LetD(z) andH′(z) be the

scaled denominator and numerator of (3.11) respectively,

D(z)
def
= 2−N+1 det

(
I + U(z)

)
, (3.12)

H′(z)
def
= 2−N+1adj

(
I + U(z)

) (
I − U(z)

)
, (3.13)

where the scale factor2−N+1 is introduced for later convenience. ThenH(z) can

be expressed as

H(z) =
H′(z)

D(z)
.

From Proposition 3.2, we have

det
(
I + U(z)

)
= 2N det

(
I + H(z)

)−1
.

Substitute this into (3.12), and we get

D(z) = 2 det
(
I + H(z)

)−1
. (3.14)

Our task now is to obtain a characterization of bothD(z) andH′(z), since they

will characterizeH(z).

Lemma 3.1 SupposeU(z) is a paraunitary FIR matrix of McMillan degreek.

Then its Cayley transformH(z) can be written asD(z)−1H′(z), whereD(z) is

an FIR filter andH′(z) is an FIR matrix, and they satisfy the following conditions:

D(z−1) = czkD(z),

H′T (z−1) = −czkH′(z),

2 D(z)N−1 = det
(
D(z) I + H′(z)

)
.

Moreover, ifD(z) andH′(z) are coprime, then they are unique for each parau-

nitary FIR matrixU(z).

Proof: For the first part, defineD(z) andH′(z) as in (3.12) and (3.13),
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respectively. It is clear that bothD(z) andH′(z) are FIR. It remains to show the

symmetric property ofD(z) andH′(z). By (3.14),

D(z−1)−1 = 2−1 det
(
I + H(z−1)

)T
= 2−1 det

(
I − H(z)

)
,

which leads to

D(z)D(z−1)−1 = det
(
I + H(z)

)−1 · det
(
I − H(z)

)

= det
[(

I + H(z)
)−1(

I − H(z)
)]

= detU(z) = cz−k.

ThusD(z−1) = czkD(z).

And hence,

H′T (z−1) = D(z−1)HT (z−1) = −czkD(z)H(z) = −czkH′(z).

By (3.14),

D(z) =2 det
(
I + H(z)

)−1
= 2 det

(
I + D(z)−1H′(z)

)−1

=2 det
[
D(z)

(
D(z) I + H′(z)

)−1]
= 2 D(z)N det

(
D(z) I + H′(z)

)−1
.

The second part is obvious sinceH(z) = D(z)−1H′(z).

Now we formulate the complete characterization of paraunitary FIR matrices

in the Cayley domain.

Theorem 3.2 The CT of a matrixH(z) is a paraunitary FIR matrixif and only

if it can be written asH(z) = D(z)−1H′(z), whereD(z) is an FIR filter and

H′(z) is an FIR matrix, and they satisfy the following four conditions:

1. D(z−1) = czkD(z);

2. H′T (z−1) = −czkH′(z);

3. 2 D(z)N−1 = det
(
D(z) I + H′(z)

)
;

4. D(z)N−2 is a common factor of all minors ofD(z) I + H′(z).

Moreover, the CT ofH(z) can be written as

U(z) =
adj

(
D(z) I + H′(z)

)

D(z)N−2
− I. (3.15)
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Proof: By Lemma 3.1, we know that the first three conditions are necessary

for the CT ofH(z) to be a paraunitary FIR matrix. Furthermore, Condition (1)

and Condition (2) guarantee thatH(z) is a PSH matrix and thus its CT is a parau-

nitary matrix. Now we only need to prove that the Condition (4)is the necessary

and sufficient condition for the CT ofH(z) to be FIR. By Proposition 3.2, the CT

of H(z) is given by

U(z) = 2
(
I + H(z)

)−1 − I = 2D(z)
(
D(z) I + H′(z)

)−1 − I.

From Condition (3),

U(z) = 2D(z)
adj

(
D(z) I + H′(z)

)

2D(z)N−1
− I =

adj
(
D(z) I + H′(z)

)

D(z)N−2
− I.

To guarantee thatU(z) is FIR, the necessary and sufficient condition is that

D(z)N−2 is a factor of adj
(
D(z) I + H′(z)

)
. This completes the proof.

Therefore, our problem of designing a paraunitary FIR matrix U(z) is con-

verted to a problem of designing a PSH matrixH(z) = D(z)−1H′(z), where

D(z) andH′(z) satisfy the conditions given in Theorem 3.2.

3.5 Two-Channel Orthogonal FIR Filter Banks

3.5.1 Complete characterization

Among MD orthogonal filter banks, the two-channel ones are the simplest and

most popular. In this case,N = 2 and Condition (4) in Theorem 3.2 is always

satisfied. Our goal here is to expressU(z) directly as an FIR matrix usingD(z)

and the terms fromH′(z) so that we can impose further conditions on them (e.g.,

vanishing-moment conditions).

Lemma 3.2 SupposeH′(z) be a2 × 2 FIR matrix with

H′(z) =

(
H ′

00(z) H ′
01(z)

H ′
10(z) H ′

11(z)

)
.
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Then Condition (3) in Theorem 3.2 amounts to the following two conditions:

{
H ′

00(z) + H ′
11(z) = 1 − cz−k,

H ′
01(z)H ′

01(z
−1) = czk[2 D(z) −

(
D(z) + H ′

00(z)
)(

D(z) + H ′
11(z)

)
].

Proof: By Condition (3) in Theorem 3.2,

2D(z) = det
(
D(z) I + H′(z)

)
. (3.16)

It is easy to verify for the two-channel case that

det
(
D(z) I + H′(z)

)
= D2(z) + D(z) tr H′(z) + det H′(z).

Therefore,

D2(z) + det H′(z) = 2D(z) − D(z)tr H′(z). (3.17)

By replacingz by z−1 in (3.17), after some simple manipulation we obtain

z2k
(
D2(z) + det H′(z)

)
= 2czkD(z) + z2kD(z)tr H′(z). (3.18)

By combining (3.17) and (3.18) we obtain

tr H′(z) = 1 − cz−k.

This completes the proof for the first equation. The second equation follows from

(3.16) after some straightforward manipulation.

Now we formulate a complete characterization of general2 × 2 paraunitary

FIR matrices.

Theorem 3.3 Any2 × 2 MD paraunitary FIR matrixU(z) can be written as

U(z) =

(
D(z) + H ′

11(z) − 1 −H ′
01(z)

−H ′
10(z) D(z) + H ′

00(z) − 1

)
, (3.19)

whereD(z) is an FIR filter satisfying

D(z−1) = czkD(z),
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andH′(z) =

(
H ′

00(z) H ′
01(z)

H ′
10(z) H ′

11(z)

)
is an FIR matrix satisfying

H ′
00(z

−1) = −czkH ′
00(z),

H ′
10(z

−1) = −czkH ′
01(z),

H ′
11(z) = 1 − cz−k − H ′

00(z),

and

H ′
01(z)H ′

01(z
−1) = czk[2D(z) −

(
D(z) + H ′

00(z)
)(

D(z) + H ′
11(z)

)
]. (3.20)

Proof: Let H(z) be the CT ofU(z). Let D(z) and H′(z) be defined

as before. By Theorem 3.2 and Lemma 3.2, it is easy to verify that the CT of

H(z) = D(z)−1H′(z) is a paraunitary FIR matrix if and only ifD(z) andH′(z)

satisfy the given conditions in this theorem.

It remains to show that the CT ofH(z) satisfies (3.19). In the two-channel

case, (3.15) becomes

U(z) = adj
(
D(z) I + H′(z)

)
− I

and

adj
(
D(z) I + H′(z)

)
=

(
D(z) + H ′

11(z) −H ′
01(z)

−H ′
10(z) D(z) + H ′

00(z)

)
.

This completes the proof.

In this characterization, the free parameters are the coefficients of the sym-

metric FIR filtersD(z) andH ′
00(z) only. Although the computation ofH ′

01(z)

in (3.20) amounts to a spectral factorization problem, it iseasier since the size of

filters here is half of that required in the design method of spectral factorizations

by Smith and Barnwell. In the actual design, we can parameterize the coefficients

of theD(z), H ′
00(z), andH ′

10(z), and then solve equations with respect to these

coefficients imposed by (3.20), and possibly additional conditions. This design

method is applicable for arbitrary dimensions. In the next subsection, we will

detail the design process of 2-D orthogonal filter banks withvanishing moments.

46



3.5.2 Design of 2-D quincunx orthogonal FIR filter banks

As in the orthogonal IIR case, the vanishing-moment condition plays an essential

role in the context of wavelet design. Using (3.9) and (3.19), the lowpass filter

G0(z) becomes

G0(z1, z2) = (D(z1z2, z1z
−1
2 ) + H ′

11(z1z2, z1z
−1
2 ) − 1) − z1H

′
10(z1z2, z1z

−1
2 ).

(3.21)

Therefore, the vanishing-moment condition imposes certain constraints on the

derivatives ofD(z), H ′
11(z) andH ′

10(z) at z = [−1,−1]T . If we parameterize

these three filters according to Theorem 3.3, then the vanishing-moment condition

amounts to linear equations, which can be solved easily.

The design procedure is given as follows.

1. Parameterize FIR filtersD(z1, z2) andH ′
11(z1, z2) such that

D(z−1
1 , z−1

2 ) = zk1
1 zk2

2 D(z1, z2), (3.22)

H ′
11(z

−1
1 , z−1

2 ) = −zk1
1 zk2

2 H ′
11(z1, z2). (3.23)

2. Parameterize the FIR filterH ′
10(z1, z2).

3. Compute the parametrization of the lowpass filterG0(z1, z2) using (3.21)

and impose theLth-order vanishing moment as in (3.10), resulting in linear

equations.

4. The equation (3.20) in Theorem 3.3 becomes

H ′
10(z1, z2)H

′
10(z

−1
1 , z−1

2 ) = 2zk1
1 zk2

2 D(z1, z2)

− zk1
1 zk2

2

(
D(z1, z2) + H ′

00(z1, z2)
)(

D(z1, z2) + H ′
11(z1, z2)

)
. (3.24)

Comparing the coefficients ofz results in quadratic equations.

5. Solve the set of all resulting equations from Steps3 and4 together, and get

all the filter bank filters fromU(z1, z2) using (3.19).

3.5.3 Parameter analysis

We want to examine the size of the filters, the number of equations to solve, and

the maximum number of vanishing moments that can be imposed using the above
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design procedure.

1. The McMillan degree of the filter bank determines the size of the filters.

By (3.22) and (3.23), the size of bothD(z1, z2) andH ′
11(z1, z2) are(k1 +

1)(k2 + 1). By (3.24), the size ofH ′
10(z1, z2) is also(k1 + 1)(k2 + 1).

2. Because of the symmetric conditions in (3.22) and (3.23), the total number

of parameters forD(z1, z2) andH ′
11(z1, z2) is (k1 + 1)(k2 + 1). Adding

the number of parameters ofH ′
10(z1, z2), the total number of unknowns is

2(k1 + 1)(k2 + 1).

3. LetV be the number of vanishing moments. Then Step3 leads toV equa-

tions. In Step4, we get
(
(2k1 + 1)(2k2 + 1) + 1

)
/2 independent equations

from (3.24). Therefore, to guarantee a solution (i.e., the number of equa-

tions must be less than or equal to the number of unknowns), the number of

vanishing momentsV has to obey

V ≤ 2(k1 + 1)(k2 + 1) − (1 + 2k1)(1 + 2k2) + 1

2
= k1 + k2 + 1. (3.25)

3.5.4 Design examples

Example 3.3 In the first design example, we design orthogonal filters of minimum

size, with the second-order vanishing moment. For the second-order vanishing

moment, in terms of (3.10) the number of vanishing moments is3. By (3.25), the

McMillan degree equals[1, 1]T . The design procedure is as follows:

1. ParameterizeD(z1, z2) andH ′
11(z1, z2) as

D(z1, z2) = a1(1 + z−1
1 z−1

2 ) + a2(z
−1
1 + z−1

2 ),

H ′
11(z1, z2) = a3(1 − z−1

1 z−1
2 ) + a4(z

−1
1 − z−1

2 ).

2. ParameterizeH ′
10(z1, z2) as

H ′
10(z1, z2) = a5 + a6z

−1
1 + a7z

−1
2 + a8z

−1
1 z−1

2 .
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3. Solve three linear equations as in (3.10) and we get





a6 = a3 + a4 − a5 − 1
2
,

a7 = a3 − a4 − a5 − 1
2
,

a8 = a5 + 2a1 + 2a2 − 2a3.

4. Compare the coefficients ofz in (3.24), which generates5 quadratic equa-

tions. Solve these equations.

The resulting six solutions, which make up three pairs and each pair of fil-

ters are related by reversal, are given in Table 3.1. The firstpair leads to the

degenerated Daubechies’ D4 filter [60]. The second and thirdpairs are nonsepa-

rable filters same as those found by Kovačevíc and Vetterli [33] using the lattice

structure.

Table 3.1: Six solutions yielding orthogonal filters with second-order vanishing
moments.

No. 1 2 3
a1

1
4
(2 ±

√
2) 1

16
(8 ±

√
2 +

√
6) 1

16
(8 ±

√
2 +

√
6)

a2 0 1
16

(−
√

6 ±
√

18) 1
16

(−
√

6 ±
√

18)

a3
1
8
(4 ±

√
2 −

√
6) 1

8
(4 ±

√
2) 1

8
(4 ±

√
2)

a4 0 1
8

√
6 −1

8

√
6

a5
1
8
(±

√
2 −

√
6) 1

16
(∓

√
2 −

√
6) 1

16
(∓

√
2 −

√
6)

Example 3.4 In the second example, we design orthogonal filters of minimum

size, with the third-order vanishing moment, in which the number of vanishing

moments is6 in terms of (3.10). By (3.25), the McMillan degree equals[3, 2]T . In

this case, the algebraic solutions are difficult, but the numerical solutions are pos-

sible. There are totally eight independent4 solutions, where two are degenerated

Daubechies’ D6 filters. The magnitude frequency responses of the remaining six

2-D filters are shown in Fig. 3.3. The two filters in Fig. 3.3(a) are the same as those

found by Kovǎcevíc and Vetterli [68] using the lattice structure. Note that thelat-

tice structure is not a complete characterization in the MD case. In contrast, our

design method finds all solutions owing to the complete characterization. Among

4It is easy to verify that the reversal or modulation of an orthogonal FIR filter with third-order
vanishing moment is still orthogonal with third-order vanishing moment.
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Figure 3.3: Magnitude frequency responses of 24-tap orthogonal lowpass filters
with third-order vanishing moment, obtained by the Cayley transform. (a) Two
possible solutions, also found by Kovačevíc and Vetterli. (b) Four possible solu-
tions. They are new filters.
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Table 3.2: Coefficients of the top left filter in Fig 3.3(b)h[n1, n2].

n1Ân2 0 1 2 3 4 5

0 0 0 0.075488 0 0 0
1 0 0.012489 -0.040651 -0.435382 0 0
2 0.000310 -0.006588 -0.206156 -0.817362 0.028754 0
3 -0.000163 -0.005753 0.077692 -0.255153 0.054036 -0.001530
4 0 0.003061 0.086578 0.084412 -0.011057 -0.002914
5 0 0 -0.046121 0.004306 -0.020505 0
6 0 0 0 0.007996 0 0

Table 3.3: Coefficients of the top right filter in Fig 3.3(b)h[n1, n2].

n1Ân2 0 1 2 3 4 5

0 0 0 0.099592 0 0 0
1 0 -0.162877 -0.241812 -0.096059 0 0
2 -0.000530 0.396194 0.107243 0.233489 0.031684 0
3 0.000095 0.726965 0.112575 -0.121339 -0.077174 0.000010
4 0 0.299450 0.106067 -0.066143 0.041963 0.000056
5 0 0 0.043673 -0.025611 0.017251 0
6 0 0 0 -0.010548 0 0

the four new solutions given in Fig. 3.3(b), the top two have desirable diamond-

like magnitude frequency response shape and the resulting 2-D filtersh[n1, n2] are

given in Table 3.2 and Table 3.3. They can be used to constructwavelets bases.

Their convergence rates are shown in Table 3.4. After the tenth iteration, they

have smooth surface as shown in Fig. 3.4.

We use a nonlinear approximation experiment to compare the performance

of an old filter (the left one in Fig. 3.3(a)) and a new filter (the top left one in

Fig. 3.3(b)). In the experiment, we use these two filters in the contourlet trans-

form [30]. After the transform, we keep15% most significant coefficients and

reconstruct the image. The resulting images are shown in Fig. 3.5. The recon-

struction image by the new filter is0.4 dB higher in SNR than that by the old

filter. Since the filters have the same sizes, the implementation complexity is the

same.
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Table 3.4: Successive largest first-order differences and convergence rates for top
two filters in Fig 3.3(b). These two filters are new24-tap filters designed by the
Cayley transform.

Iteration number Largest first-order difference Rate of convergence
Top left
filter: 2 1.510 —-

4 1.084 1.39
6 0.674 1.61
8 0.389 1.73
10 0.219 1.78

Top right
filter: 2 1.162 —-

4 0.930 1.25
6 0.491 1.89
8 0.310 1.58
10 0.188 1.65

Figure 3.4: Tenth iteration of the top two filters in Fig 3.3(b), obtained by the
Cayley transform.
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(a)

(b) (c)

Figure 3.5: Nonlinear approximation comparisons. (a) Original “Barbara” image.
Reconstruction images by: (b) an old filter (SNR = 19.7 dB); (c) a new filter
(SNR = 20.1 dB).
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3.6 Special Paraunitary Matrices and Cayley

Transform

3.6.1 Cayley transform of special paraunitary matrices

The Cayley transforms of paraunitary matrices are PSH matrices. Now we con-

sider the Cayley transform of SPU matrices. We define thespecial PSH(SPSH)

matrix as the Cayley transform of the SPU matrix. The SPSH matrix can be char-

acterized by the following proposition.

Proposition 3.5 A PSH matrixH(z) is special PSHif and only if it satisfies

det
(
I + H(z)

)
= det

(
I − H(z)

)
. (3.26)

Proof: Let U(z) be the CT ofH(z). SinceH(z) is PSH,U(z) is parauni-

tary. The paraunitary matrixU(z) is SPU if and only if its determinant equals1.

By (3.3),

detU(z) =
det

(
I − H(z)

)

det
(
I + H(z)

) = 1.

For the FIR case, the characterization of SPU FIR matrices inthe Cayley do-

main can be obtained from Theorem 3.2 directly. For SPU matrices,detU(z) = 1

so thatczk = 1 in Theorem 3.2. In other words, Conditions (1) and (2) in Theo-

rem 3.2 become

D(z−1) = D(z), (3.27)

H′T (z−1) = −H′(z). (3.28)

Therefore,D(z) is a symmetric FIR filter andH′(z) is a PSH FIR matrix.

3.6.2 Two-channel special paraunitary matrices

Proposition 3.5 gives the complete characterization of SPSH matrices, which are

the CTs of SPU matrices. In general, this characterization iscomplex. Among MD

orthogonal filter banks, the two-channel ones are the simplest and most popular. In

this case, we can greatly simplify the characterization anddesign of SPU matrices.
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Proposition 3.6 A2×2 para-skew-Hermitian matrix is special para-skew-Hermitian

if and only if its trace equals0.

Proof: We first point out a simple but useful result, which will be used later.

For a2 × 2 matrixA and a scalarα, it is easy to verify that

det(αI + A) = α2 + α tr (A) + detA. (3.29)

In the two-channel case, condition (3.26) is equivalent to

1 + tr(H(z)) + det(H(z)) = 1 − tr(H(z)) + det(H(z)),

which leads to tr(H(z)) = 0.

Let H(z) be a2 × 2 PSH matrix with

H(z) =

(
H00(z) H01(z)

H10(z) H11(z)

)
.

Then the PSH condition (that is, the characterization of theparaunitary matrix in

the Cayley domain)H(z−1) = −HT (z) becomes (3.6). We do not need solve

any nonlinear equations in the design as in (2.30) or (2.31).Instead, we only

need design two antisymmetric filters,H00(z) and H11(z), independently and

then choose one arbitrary filterH10(z) leading toH01(z) as in the last equation

of (3.6). Then the problem of designingH(z) converts to that of designing two

antisymmetric filters and one arbitrary filter.

By Proposition 3.6, the characterization of the SPU matrix inthe Cayley do-

main (that is, SPSH matrix) is even simpler:

H(z) =

(
H00(z) H01(z)

−H01(z
−1) −H00(z)

)
, where H00(z

−1) = −H00(z). (3.30)

Here we need only design one antisymmetric filter,H00(z), and one arbitrary

filter, H10(z). As for PSH matrices, the set of2 × 2 SPSH matrices is alinear

space(that is, ifA(z) andB(z) are2 × 2 SPSH matrices, thenαA(z) + β B(z)

is also a2 × 2 SPSH matrix for any real numbersα andβ). Therefore, the CT

maps the complicated nonlinear set of2 × 2 SPU matrices to the linear space of

2 × 2 SPSH matrices as shown in Fig. 3.6.
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Cayley

Transform
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Matrices

Special
Paraunitary

Matrices

Figure 3.6: One-to-one mapping between2 × 2 special paraunitary matrices and
2 × 2 special PSH matrices. Here the rectangle stands for a linearset, while the
ellipse stands for a nonlinear set.

The design process of two-channel orthogonal filter banks using the SPU and

the CT is given as follows:

1. Parameterize one antisymmetric filterH00(z1, z2) by Proposition 3.4, and

one arbitrary filterH01(z1, z2).

2. Compute the CT of the SPSH matrix generated by these two filters as given

in (3.30) and then compute two synthesis filters from the polyphase matrix

in terms of (2.6).

3. Impose some conditions (for example, the vanishing-moment condition in

Section 3.6.4) on the filters and solve for the parameters.

Each SPSH matrix as given in (3.30) can be represented as the sum of a diag-

onal matrix and an antidiagonal matrix:

H(z) =

(
H00(z) 0

0 −H00(z)

)
+

(
0 H01(z)

−H01(z
−1) 0

)
.

Note the two terms are independent and both of them are SPSH matrices with

simple structures. We refer the first one as diagonal SPSH matrix and the second

one as antidiagonal SPSH matrix. Correspondingly, their CTs also have simple

structures. The CT of a diagonal SPSH matrix is

U(z) =

(
1−H00(z)
1+H00(z)

0

0 1+H00(z)
1−H00(z)

)
. (3.31)
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The CT of an antidiagonal SPSH matrix is

U(z) =
1

1 + H01(z)H01(z−1)

(
1 − H01(z)H01(z

−1) −2H01(z)

2H01(z
−1) 1 − H01(z)H01(z

−1)

)
.

(3.32)

For illustration, we give one example for each type.

Example 3.5 This example is for diagonal SPSH matrices. The example can be

seen as a simple extension of the bilinear transform.

H =

(
z 0

0 −z

)
, U =

(
1−z

1+z
0

0 1+z

1−z

)
.

Example 3.6 This example is for antidiagonal SPSH matrices. The exampleis

closely related to the triangular functions.

H =

(
0 tan θ

− tan θ 0

)
, U =

(
cos 2θ − sin 2θ

sin 2θ cos 2θ

)
.

3.6.3 Two-channel special paraunitary FIR matrices

As mentioned in Section 3.4, the CT of an SPU FIR matrix is generally IIR since

the CT destroys the FIR property. The CT of an SPU FIR matrix is anSPSH IIR

matrix, which is the quotient of a PSH FIR matrixH′(z) as defined in (3.13) and

a symmetric FIR filterD(z) as defined in (3.12). In the two-channel case, we

can simplify this characterization. In particular, sinceN = 2, Condition (4) in

Theorem 3.2 is always satisfied. Moreover, we find a modified version of the CT

that maps an SPU FIR matrix into an SPSH FIR matrix; that meansit preserves

the FIR property in both domains.

Recall that the CT can be written as (3.11) where the FIR property is destroyed

by the denominator termdet
(
I + U(z)

)
. Therefore, if we remove this term, we

obtain a new transform which preserves the FIR property.

Definition 3.1 TheFIR-Cayleytransform (FCT) of a matrixU(z) is defined as

H′(z) = 2−1 adj
(
I + U(z)

) (
I − U(z)

)
. (3.33)
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The FCT not only preserves the FIR property, but also maps an SPU matrix

into an SPSH matrix.

Proposition 3.7 SupposeU(z) is a 2 × 2 special paraunitary matrix andH′(z)

is its FIR-Cayley transform. ThenH′(z) is special para-skew-Hermitian.

Proof: By (3.28),H′(z) is PSH. To proveH′(z) is SPSH, by proposition 3.6

we only need prove that the trace ofH′(z) equals0.

Let H(z) be the CT ofU(z). ThenH(z) is an SPSH matrix and its trace

equals0. By Theorem 3.2,H(z) can be written asD(z)−1H′(z), whereD(z) is

a filter as defined in (3.12). Thus,H′(z) = D(z)H(z), which implies that the

trace ofH′(z) also equals0.

Using the FCT, we map an SPU FIR matrix to an SPSH FIR matrix. Like

SPSH IIR matrices, the set of SPSH FIR matrices is a linear space and its charac-

terization is given in (3.30). The design of SPSH FIR matrices is easier than that

of SPU FIR matrices. To use the FCT in the design of SPU FIR matrix, we need

compute the inverse FCT.

Proposition 3.8 SupposeH′(z) is a2× 2 special para-skew-Hermitian FIR ma-

trix. Then its FIR-Cayley transform is special paraunitary FIR if and only if(
1 − detH′(z)

)1/2
is FIR. Moreover, the FIR-Cayley transform ofH′(z) can be

written as

U(z) = ±
(
1 − det H′(z)

)1/2
I − H′(z).

Proof: By Condition (3) in Theorem 3.2,

2 D(z) = det
(
D(z) I + H′(z)

)
.

SinceH′(z) is SPSH, tr(H′(z)) = 0. Then by (3.29)

2 D(z) = D2(z) + detH′(z),

which leads to

D(z) = 1 ±
(
1 − detH′(z)

)1/2
.
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For the two-channel case, (3.15) in Theorem 3.2 becomes

U(z) = adj
(
D(z) I + H′(z)

)
− I

= D(z) I + adjH′(z) − I.

SinceH′(z) is a2 × 2 SPSH matrix,H ′
11(z) = −H ′

00(z), and thus adjH′(z) =

−H′(z). Therefore,

U(z) =
(
D(z) − 1

)
I − H′(z)

= ±
(
1 − detH′(z)

)1/2
I − H′(z).

According to Proposition 3.8, the complete characterization of2× 2 SPU FIR

matrices in the FCT domain is a subset of SPSH FIR matrices and they satisfy

the condition given in Proposition 3.8. Generally, it is difficult to apply Propo-

sition 3.8 in the design. To design an orthogonal FIR filter bank, we use The-

orem 3.3 with simplifications by (3.27) and (3.28). For the design details and

examples, please see Section 3.4.

3.6.4 Quincunx orthogonal filter bank design

By combining (3.9), (3.30), and (3.3), the lowpass filerG0(z) can be written as

G0(z1, z2) = (1−H00(z1z2,z1z−1
2 ))2−H01(z1z2,z1z−1

2 )H01(z−1
1 z−1

2 ,z−1
1 z2)+2z1H01(z−1

1 z−1
2 ,z−1

1 z2)

1−H2
00(z1z2,z1z−1

2 )+H01(z1z2,z1z−1
2 )H01(z−1

1 z−1
2 ,z−1

1 z2)
.

(3.34)

Therefore, the vanishing-moment condition imposes certain constraints on the

derivatives ofH00(z) andH01(z) at z = [−1,−1]T . If we parameterize these

two filters, then the vanishing-moment condition amounts toa set of quadratic

equations. In the following, we consider the design of quincunx orthogonal IIR

filter banks. It is straightforward to extend the design method to the higher dimen-

sions.

The design process is as follows: First, we parameterize oneantisymmetric

filter H00(z1, z2) by Proposition 3.4, and one arbitrary filterH01(z1, z2). Second,

we compute the lowpass filter by (3.34). Third, we impose the vanishing-moment

condition on the numerator of the lowpass filter.

Since IIR filters are more complex than FIR filters, the designof IIR filter
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banks involves more free parameters. One way to simplify thedesign problem

is to consider the diagonal SPSH matrix or the antidiagonal SPSH matrix. The

antidiagonal SPSH matrix can generate quincunx orthogonalfilters with vanishing

moments, while the diagonal SPSH matrix cannot.

Proposition 3.9 If a quincunx orthogonal filter is generated from a diagonal

SPSH matrix in the Cayley domain, then it cannot have any vanishing moments.

Proof: SupposeG0(z1, z2) is generated from a diagonal SPSH matrixU(z1, z2).

ThenH01(z1, z2) equals0. Therefore, using (3.34), we have

G0(z1, z2) =
1 − H00(z1z2, z1z

−1
2 )

1 + H00(z1z2, z1z
−1
2 )

.

SinceH00(z1, z2) is an antisymmetric filter, it is easy to show thatH00(1, 1) = 0.

Therefore,G0(−1,−1) = 1−H00(1,1)
1+H00(1,1)

= 1 6= 0. In other words,G0(z1, z2) cannot

have vanishing moments.

Another way to simplify the design is to use the SPSH FIR matrix. To illustrate

our design process, we design two orthogonal filters with second-order vanishing

moments. In terms of (3.10), the number of vanishing momentsis 3 and hence the

number of free variables in the parametrization forH(z1, z2) is also3.

Example 3.7 In this example, we use the antidiagonal SPSH matrix to designthe

orthogonal filter. The design procedure is as follows:

1. ParameterizeH01(z1, z2) as

H01(z1, z2) = a1 +
1

a2z1 + a3z2

.

2. Compute the lowpass filterG0(z1, z2) by (3.34) and impose the second-

order vanishing-moment condition on the lowpass filter as in (3.10), which

leads to





a2 − a3 = 0,

(a2 + a3)(2 + a1(a2 + a3)) = 0,

(a2 + a3)
2 − 2(a1(a2 + a3)

2 + (a2 + a3)) − (1 + a1(a2 + a3))
2 = 0.
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Figure 3.7: Magnitude frequency response of an orthogonal lowpass filter with
second-order vanishing moments, obtained by the special paraunitary matrix and
the Cayley transform. The design process is given in Example 3.7.

3. Obtain the solutions:

a1 = 2(−1 ±
√

2), a2 = a3 = −(1 ±
√

2)/2.

This is a new orthogonal filter, to the best of our knowledge. The magnitude

frequency response of the obtained filter is given in Fig. 3.7.

Example 3.8 In this example, we chooseH(z1, z2) to be FIR. The design proce-

dure is as follows:

1. ParameterizeH(z) as given in (3.30) withH00(z1, z2) = a1(z1 − z−1
1 ), and

H01(z1, z2) = a2 + a3z2.

2. Compute the lowpass filterG0(z1, z2) by (3.34) and impose the second-

order vanishing-moment condition on the lowpass filter as in (3.10), which

leads to





2a1 + a2 = 0,

2a1 + a3 = 0,

−1 + a2
2 + 2a3 + a2

3 + 2a2(1 + a3) = 0.

3. Obtain the solutions:

a1 = (1 ±
√

2)/4, a2 = a3 = −(1 ±
√

2)/2.
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The resulting lowpass filterG0(z) = A(z)/B(z) is given as

A(z1, z2) = (3 − 2
√

2) + (8 − 8
√

2)z1z2 + (8
√

2 − 12)z1z
3
2

+ (20
√

2 − 14)z2
1z

2
2 + (8

√
2 − 12)z3

1z2 + (16
√

2 − 16)z2
1z

3
2

+ (16
√

2 − 16)z3
1z

2
2 + (8

√
2 − 8)z3

1z
3
2 + (3 − 2

√
2)z4

1z
4
2 ,

B(z1, z2) = (2
√

2 − 3) + (12 − 8
√

2)z1z
3
2 + (46 − 20

√
2)z2

1z
2
2

+ (12 − 8
√

2)z3
1z2 + (2

√
2 − 3)z4

1z
4
2 .

This is also a new orthogonal filter, to the best of our knowledge. The filter has

diamond-like support of frequency response as shown in Fig. 3.8. It is easy to

verify numerically thatB(z1, z2) 6= 0 for |z1| = |z2| = 1 and hence the filter is

stable ([69] pp. 189–197). Implementing this filter using a difference equation

requires13 additions and8 multiplications per output sample.
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Figure 3.8: Frequency responses of another orthogonal lowpass filter with second-
order vanishing moment, obtained by the special paraunitary matrix and the Cay-
ley transform. The design process is given in Example 3.8. (a) Magnitude;
(b) Phase.

3.7 Conclusion and Future Work

Designing MD orthogonal filter banks amounts to designing MDparaunitary ma-

trices. The Cayley transform establishes a one-to-one mapping between MD pa-

raunitary matrices and MD PSH matrices and converts nonlinear paraunitary con-

dition to linear PSH condition. Based on this mapping, we find auniform frame-
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work for the characterization of multidimensional, multichannel orthogonal filter

banks.

The characterization of MD orthogonal IIR filter banks is simple: the linear

space of PSH IIR matrices. In contrast, since the CT destroys the FIR property,

the CT of an MD orthogonal FIR filter bank is in general not FIR. Instead, we

find the characterization of a paraunitary FIR matrix in the Cayley domain is the

quotient of an FIR matrix and an FIR filter with some constraints. In addition,

we propose the design process to impose vanishing moments onorthogonal filters

with illustrative examples.

The Cayley transform also establishes a one-to-one mapping between special

paraunitary matrices and special para-skew-Hermitian matrices and converts the

nonlinear special paraunitary condition to the linear special para-skew-Hermitian

condition. Using the Cayley transform to characterize special paraunitary ma-

trices, we further simplify the characterization and design of multidimensional

two-channel orthogonal filter banks. We propose the design process to impose

vanishing moments on two-channel orthogonal filter banks.

In our future work we will try to simplify characterization for orthogonal filter

banks with more than two channels.
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CHAPTER 4

ORTHOGONAL FILTER BANKS
WITH DIRECTIONAL
VANISHING MOMENTS

4.1 Introduction

Wavelets and filter banks have achieved great success in signal processing and

communications applications. Wavelet transforms providea multiresolution rep-

resentation that captures the discontinuity locally in thesignal. Moreover, wavelets

provide better nonlinear approximation, which implies better performance in data

compression and processing [72, 73]. The decay rate of wavelet coefficients is

O(N−1) for piecewise smooth signals, while that of Fourier coefficients isO(N−1/2).

Vanishing moments play a key role in the design of wavelets and filter banks

[60,73].

In recent years, geometric image representation has received interest [29, 30,

74–77]. Olshausen and Field showed that directionality plays a key role in human

visual system [78]. Bamberger proposed the critically sampled directional filter

banks which decompose images into different directional subbands [29]. Based on

directional filter banks, Do and Vetterli proposed an efficient directional multires-

olution image representation called the contourlet transform [30]. For efficient

representation, both directional filter banks and the contourlet transform require

directional vanishing moments(DVM), which are defined as vanishing moments

along a specific direction. Cunha and Do characterized and designedbiorthogonal

filter banks with DVM [79]. However, there is no existing literature addressing

This chapter includes research conducted jointly with MinhN. Do [70,71].

64



the design oforthogonalfilter banks with DVM.

Orthogonal filter banks have been widely used in multirate applications due to

their useful properties such as energy preservation. The design problem leads to

spectral factorization. Since there is no multidimensional factorization theorem,

designing multidimensional orthogonal filter banks is challenging. Kovǎcevíc and

Vetterli designed a class of orthogonal filter banks based onthe lattice structure,

which is characterized by a set of rotation parameters [33].This class of orthog-

onal filter banks is easy to implement and is a general subset of orthogonal filter

banks. Stanhill and Zeevi investigated the design of two-dimensional (2-D) lattice

orthogonal filter banks with vanishing moments in [80]. The design with direc-

tional vanishing moments is more challenging.

Imposing directional vanishing moments on a lattice orthogonal filter bank

leads to a set of complex nonlinear equations with respect tothese parameters,

which is difficult to solve. In this chapter, we propose a complete characterization

of 2-D lattice orthogonal filter banks with directional vanishing moments. The

DVM constraints are imposed on the rotation parameters. We find the solutions

of rotation parameters have special structure. Based on thisstructure, we find a

closed-form solution for the orthogonal filter banks with DVM.

The rest of this chapter is organized as follows. In Section 4.2, we briefly intro-

duce orthogonal filter banks with lattice structures. In Section 4.3, we characterize

orthogonal filter banks with DVM. We propose explicit formulae for orthogonal

filter banks with first-order DVM in Section 4.4 and extend to orthogonal filter

banks with higher-order DVM in Section 4.5. We draw conclusions in Section 4.6.

4.2 Orthogonal Filter Banks and Lattice Structure

We start with notation. We letz stand for a 2-D variablez = [z1, z2]
T andz−1

stand for[z−1
1 , z−1

2 ]T . Raisingz to a 2-D integer vector powerk = [k1, k2]
T yields

zk = zk1
1 zk1

2 .

Consider a 2-D two-channel filter bank as shown in Fig. 4.1(a).For imple-

mentation purposes, we only consider filter banks with rational filters. We are

interested in the critically sampled filter bank in which thesampling rate is equal

to the number of channels, that is,| detD| = 2. In the polyphase domain, the anal-

ysis and synthesis parts can be represented by2×2 polyphase matricesHp(z) and

Gp(z), respectively, as shown in Fig. 4.1(b). The analysis and synthesis filters are
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Figure 4.1: Two-dimensional filter banks and polyphase representation. (a) A
two-dimensional two-channel filter bank:Hi andGi are analysis and synthesis
filters, respectively;D is a2 × 2 sampling matrix. (b) Polyphase representation:
Hp andGp are2 × 2 analysis and synthesis polyphase matrices, respectively;l0
andl1 are integer vectors of the formDt, such thatt ∈ [0, 1)2.

related to the corresponding polyphase matrices as

(
H0(z)

H1(z)

)
= Hp(z

d1 ,zd2)

(
z−l0

z−l1

)
,

(
G0(z) G1(z)

)
=

(
zl0 zl1

)
Gp(z

d1 ,zd2), (4.1)

whered1 andd2 are columns ofD, andl0 andl1 are integer vectors of the form

Dt, such thatt ∈ [0, 1)2 ([7] pp. 561–566).

In the polyphase domain, the perfect reconstruction condition X̂(z) = X(z)

is equivalent toHp(z)Gp(z) = I, whereI is the2×2 identity matrix. Orthogonal

filter banks additionally requireHp(z) = GT
p (z−1). Therefore, the synthesis

polyphase matrixGp(z) satisfiesGT
p (z−1)Gp(z) = I, which leads to a difficult

factorization problem.

Vaidyanathan provided a complete characterization of one-dimensional or-

thogonal filter banks via a lattice factorization ([7] pp. 302–322). Kovǎcevíc

and Vetterli extended this result to the 2-D case [33]. Usingthe lattice structure,
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the synthesis polyphase matrix can be represented as

Gn(z1, z2) = R0

n∏

j=1

DjRj, (4.2)

whereRj is an arbitrary orthogonal matrix andDj is a diagonal matrix. For

convenience, we calln the degree of the filter bank and letGn(z1, z2) denote the

corresponding lowpass filter. ForDj, its value depends on the parity ofj:

Dj =





D(z1) if j is odd

D(z2) if j is even
,

where

D(z) =

(
1 0

0 z−1

)
.

The orthogonal matrixRj can be represented by

Rj =

(
cos θj sin θj

− sin θj cos θj

)
.

For computation convenience,Rj can also be represented by

Rj =
1√

1 + a2
j

(
1 aj

−aj 1

)
, where aj ∈ R

⋃
{±∞},

andaj = tan θj. In what follows, we will use both representations in terms of

convenience.

Orthogonal filter banks with lattice structures are easy to design and imple-

ment. Although this characterization of orthogonal filter banks is not complete, it

provides enough freedom to design good filters.
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4.3 Orthogonal Filter Banks with Directional

Vanishing Moments

4.3.1 Formulation

Directional vanishing moments are vanishing moments alonga specific direction.

For example, if a 2-D filterf(z1, z2) hasLth-order zero partial derivatives with

respect toz1 along the straight linez1 = −1, then it is said to haveLth-order

horizontal vanishing moments. In this section, we focus on orthogonal filter banks

with first-order directional vanishing moments (OFDVM).

Quincunx sampling has been extensively used in directionalfilter banks and

contourlet transforms. For the 2-D quincunx sampling, its sampling matrix and

the integer vectors in (4.1) can be written as

D =

(
1 1

1 −1

)
, and l0 =

(
0

0

)
, l1 =

(
1

0

)
.

In terms of (4.1), the lowpass filter in the quincunx samplingcan be computed

as

Gn(z1, z2) =
(
1 z1

)
Gn(z1z2, z1z

−1
2 )

(
1

0

)

=
(
1 z1

)
R0

n∏

j=1

D′
jRj

(
1

0

)
, (4.3)

where

D′
j =





D(z−1
1 z−1

2 ) if j is odd

D(z−1
1 z2) if j is even

,

Imposing the first-order DVM condition, we have

Gn(−1, z2) =
(
1 −1

)
Gn(−z2,−z−1

2 )

(
1

0

)
≡ 0, for z2 ∈ R. (4.4)

Therefore, the design problem of OFDVM is to find a set of rotation parameters
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{θ0, θ1, · · · , θn} satisfying

(
1 −1

)
R0

n∏

j=1

D(−z
(−1)j+1

2 )Rj

(
1

0

)
≡ 0. (4.5)

Condition (4.5) leads to nonlinear equations in terms of the rotation parameters,

which are difficult to solve directly.

4.3.2 Three simple cases

In this subsection, we investigate how to design OFDVM with lowest degree,

specifically,n = 0, n = 1, andn = 2. The higher degree cases can be converted

into n = 0 andn = 1 cases, as we will see in the next subsection.

1. 0th degree OFDVM.

In this case,G0 = R0 and (4.5) becomes

0 =
(
1 −1

) (
cos θ0 sin θ0

− sin θ0 cos θ0

) (
1

0

)

= cos θ0 + sin θ0.

Therefore,

θ0 = mπ − π/4, where m ∈ Z. (4.6)

2. First degree OFDVM.

In this case,

G1(−z2,−z−1
2 ) =R0D(−z2)R1. (4.7)

Put (4.7) into (4.5), and then

(
1 −1

)
R0D(−z2)R1

(
1

0

)
≡ 0. (4.8)

After simple manipulations,

cos θ1(sin θ0 + cos θ0) + sin θ1(sin θ0 − cos θ0)z
−1
2 ≡ 0,
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which leads to

θ0 = mπ − π/4, θ1 = mπ or θ0 = mπ + π/4, θ1 = mπ + π/2.

(4.9)

3. Second degree OFDVM.

In this case,

G1(−z2,−z−1
2 ) = R0D(−z2)R1D(−z−1

2 )R2. (4.10)

Put (4.10) into (4.5), and then

(a0 − 1)a1z
−1
2 + (1 + a0 + a2 − a0a2) + (a0 + 1)a1a2z2 ≡ 0.

Therefore,

(a0 − 1)a1 = 0, (4.11)

(a0 + 1)a1a2 = 0, (4.12)

1 + a0 + a2 − a0a2 = 0.

From (4.11) and (4.12), we know eithera1 or a2 equals zero.

Whena1 = 0, R1 = I and

D(−z2)R1D(−z−1
2 ) = D(−z2)D(−z−1

2 ) = I.

Therefore, (4.10) becomes

G1(−z2,−z−1
2 ) = R0R2 =

(
cos(θ0 + θ2) sin(θ0 + θ2)

− sin(θ0 + θ2) cos(θ0 + θ2)

)
.

The design problem is converted to that of0th degree OFDVM, and the

solution is

θ1 = mπ, θ0 + θ2 = mπ − π/4. (4.13)
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Table 4.1: Orthogonal filter banks with first-order directional vanishing moments
of degree smaller than3.

Degree Polyphase matrix Parameters
0 R0 θ0 = mπ − π/4
1 R0D(z1)R1 θ0 = mπ − π/4, θ1 = mπ

θ0 = mπ + π/4, θ1 = mπ + π/2
2 R0D(z1)R1D(z2)R2 θ1 = mπ, θ0 + θ2 = mπ − π/4

θ2 = mπ, θ0 = mπ + π/4, θ1 = mπ + π/2

Whena2 = 0, R2 = I and (4.10) becomes

G2(z1, z2) =
(
1 z−1

1

)
R0D(z1)R1D(z2)

(
1

0

)

=
(
1 z−1

1

)
R0D(z1)R1

(
1

0

)
,

which equalsG1(z1, z2). In other words, the design problem is converted to

that of the first degree OFDVM and the solution is given in (4.9). Note that

the first one is a special case of (4.13), and the final solutionis

θ1 = mπ, θ0 + θ2 = mπ − π/4 or θ2 = mπ, θ0 = π/4, θ1 = π/2.

(4.14)

The design results for the three simple cases are given in Table 4.1. It can be

seen that they share similar structure.

4.3.3 Reduction and combination characterization

In Section 4.3.2, we find that for the second degree case, one of last two param-

eters must be zero and the design problem is converted to thatof the0th or first

degree case, which reduces the number of unknown parametersand simplifies

our design problem. In this subsection, we show that it is possible to reduce the

number of unknown parameters systematically for OFDVM of arbitrary degree.

Moreover, the reduction continues until the design problemis reduced to that of

0th or first degree OFDVM.

Theorem 4.1 SupposeGn(z1, z2) in (4.2) has first-order directional vanishing
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moments andn > 1. Then at least one ofa1, a2, · · · , an must be zero.

Proof: Before we prove this theorem, we first prove a useful result.

SupposePn(z2) = Gn(−z2,−z−1
2 ). Let f [n1, n2] denote an FIR filter in

which the index ofz2 ranges from an integern1 to another integern2. Then

Pn(z2) has either of the following two structures:

1. Whenn = 2k,

P2k(z2) = R0

(
∏2k

i=1 aiz
k
2+f [1−k,k−1] f [1−k,k]

∏2k−1
i=1 aiz

−k
2 +f [1−k,k−1]

∏2k
i=1 aiz

−k
2 +f [1−k,k−1]

)
.

2. Whenn = 2k + 1,

P2k+1(z2) = R0

(
∏2k

i=1 aiz
k
2+f [−k,k−1]

∏2k+1
i=1 aiz

k
2+f [−k,k−1]

∏2k+1
i=1 aiz

−k−1
2 +f [−k,k−1] f [−k−1,k−1]

)
.

We prove this result by induction.

1. Considerk = 0.

Forn = 0, P0(z2) = R0. The statement holds obviously.

Forn = 1,

P1(z2) = R0D(−z2)R1,

and

D(−z2)R1 =

(
1 a1

a1z
−1
2 −z−1

2

)
.

The statement also holds.

2. Assume the statement is true forn = 2k andn = 2k + 2. Now consider the

case ofk + 1. Whenn = 2(k + 1) = 2k + 2,

P2k+2(z2) = P2k+1(z2)D(−z−1
2 )R2k+2.
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After simple computation,

P2k+2(z2) = R0•(
∏2k+2

i=1 aiz
k+1
2 +

∏2k
i=1 aiz

k
2+f [−k,k−1]+f [−k,k] f [−k,k+1]

∏2k+1
i=1 aiz

−k−1
2 +f [−k,k−1]+f [−k,k]

∏2k+2
i=1 aiz

−k−1
2 +f [−k,k−1]+f [−k,k]

)

= R0

(
∏2k+2

i=1 aiz
k+1
2 +f [−k,k] f [−k,k+1]

∏2k+1
i=1 aiz

−k−1
2 +f [−k,k]

∏2k+2
i=1 aiz

−k−1
2 +f [−k,k]

)
.

Therefore, the statement holds forn = 2k + 2.

Whenn = 2(k + 1) + 1 = 2k + 3,

P2k+3(z2) = P2k+2(z2)D(−z2)R2k+3.

Similarly, it can be verified that the statement also holds for n = 2k + 3.

Now we are ready to prove this theorem. According to (4.5),

Gn(−1, z2) =
(
1 −1

)
Pn(z2)

(
1

0

)
≡ 0.

We prove the case whenn is even first. In this case,n = 2k, and

Gn(−1, z2) = (a0 + 1)(
2k∏

i=1

aiz
k
2 + f [1 − k, k − 1])

+ (a0 − 1)(
2k−1∏

i=1

aiz
−k
2 + f [1 − k, k − 1]).

Therefore,

(a0 + 1)
2k∏

i=1

ai = 0,

(a0 − 1)
2k−1∏

i=1

ai = 0.
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Therefore, at least one ofa1, a2, · · · , a2k must be zero. Whenn = 2k + 1,

Gn(−1, z2) = (a0 + 1)(
2k∏

i=1

aiz
k
2 + f [−k, k − 1])

+ (a0 − 1)(
2k+1∏

i=1

aiz
−k−1
2 + f [−k, k − 1]).

Therefore,

(a0 + 1)
2k∏

i=1

ai = 0,

(a0 − 1)
2k+1∏

i=1

ai = 0.

Therefore, at least one ofa1, a2, · · · , a2k+1 must be zero. This completes the

proof.

According to Theorem 4.1, there are two types of reduction. One is that one

of the middle parameters is zero, and the second is that the last parameter is zero.

For the first case, assume thatal = 0, 0 < l < n, and thenRl becomes an identity

matrix, and

DlRlDl+1 = DlDl+1 = D(z1z2).

Replacingz1 andz2 by−z2 and−z−1
2 , respectively, we have

DlRlDl+1 = D
(
(−z2)(−z−1

2 )
)

= D(1) = I.

Therefore,DlRlDl+1 is cancelled in (4.5), which generates a new lattice structure

Rl−1Rl+1 in (4.5). Since

Rl−1Rl+1 =

(
cos(θl−1 + θl+1) sin(θl−1 + θl+1)

− sin(θl−1 + θl+1) cos(θl−1 + θl+1)

)
,

they can be seen as one orthogonal matrix in (4.5) with the angle θl−1 + θl+1. We

call this processcombination. Therefore, the rest of the design is just equivalent

to that of(n − 2)-th degree.
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For the second case,Rn becomes an identity matrix, and

Gn(z1, z2) =
(
1 z1

)
R0

( n−1∏

j=1

D′
jRj

)
D′

n

(
1

0

)

=
(
1 z1

)
R0

( n−1∏

j=1

D′
jRj

)
(

1

0

)
= Gn−1(z1, z2).

Therefore,Gn(z1, z2) becomesGn−1(z1, z2), that is, the design problem is the

same as that ofn − 1 degree.

To sum up, the design problem ofnth degree OFDVM is converted to that

of either(n − 1)-th degree or(n − 2)-th degree OFDVM. In this process, there

are two key components, reduction and combination. Therefore, we call this a

reduction and combinationapproach. We can repeat this process until the final

problem is either0th degree or first degree.

To illustrate this process, we give an example.

Example 4.1 Find the solutions for the third degree OFDVM, which can be writ-

ten as

G3(z1, z2) = R0D(z1)R1D(z2)R2D(z1)R3.

By Theorem 4.1, one ofθ1, θ2, andθ3 equals zero. The design problem is reduced

to the following cases:

1. θ1 equals zero. The design problem is converted to that of the first degree

with the format

G1(z1, z2) = R02D(z1)R3.

Therefore, the solution is

θ1 = mπ, θ0 + θ2 = mπ − π/4, θ3 = mπ

or

θ1 = mπ, θ0 + θ2 = mπ + π/4, θ3 = mπ + π/2.

2. θ2 equals zero. The design problem is converted to that of the first degree

with the format

G1(z1, z2) = R0D(z1)R13.
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Table 4.2: Third degree orthogonal FIR filter banks with first-order directional
vanishing moments.

Index Parameters
1 θ1 = mπ, θ0 + θ2 = mπ − π/4, θ3 = mπ
2 θ1 = mπ, θ0 + θ2 = mπ + π/4, θ3 = mπ + π/2
3 θ2 = mπ, θ0 = mπ − π/4, θ1 + θ3 = mπ
4 θ2 = mπ, θ0 = mπ + π/4, θ1 + θ3 = mπ + π/2

Therefore, the solution is

θ2 = mπ, θ0 = mπ − π/4, θ1 + θ3 = mπ

or

θ2 = mπ, θ0 = mπ + π/4, θ1 + θ3 = mπ + π/2.

3. θ3 equals zero. The design problem is converted to that of the second degree

with the format

G2(z1, z2) = R0D(z1)R1D(z2)R2.

Therefore, the solution isθ3 = mπ and (4.14).

The solutions are summarized in Table 4.2.

4.4 Closed-Form Expression

The closed-form solutions for arbitrary degree OFDVM can begenerated itera-

tively by simple symbolic computation.

Denote that the solution ofnth degree OFDVM is given bysn(θ0, θ1, . . . , θn),

which is a closed-form solution. Two initial expressions are

s0(θ0) = {θ0 = mπ − π/4}, (4.15)

s1(θ0, θ1) = {θ0 = mπ − π/4, θ1 = mπ}
⋃

{θ0 = mπ + π/4, θ1 = mπ + π/2}.
(4.16)
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The expression for the second degree OFDVM is

s2(θ0, θ1, θ2) = {θ1 = mπ, θ0 + θ2 = mπ − π/4}
⋃

{θ2 = mπ, θ0 = mπ + π/4, θ1 = mπ + π/2}. (4.17)

For the first type of reduction, supposeθl, 0 < l < n equals zero. Thenθl−1

andθl+1 are combined together, and the solution is determined by thesolution of

(n − 2)-th degree OFDVM. In other words, the solution can be writtenas

{θl = mπ}
⋂

sn−2(θ0, θ1, . . . , θl−2, θl−1 + θl+1, θl+2, . . . , θn). (4.18)

For the second type of reduction,θn equals zero and the remainingn − 1

parameters are determined by the solution of(n− 1)-th degree OFDVM. In other

words, the solution can be written as

{θn = mπ}
⋂

sn−1(θ0, θ1, . . . , θn−1). (4.19)

To sum up, we have an iterative expression for the solution ofnth degree

OFDVM:

sn(θ0, θ1, . . . , θn) = (4.20)
n−1⋃

l=1

(
{θl = mπ}

⋂
sn−2(θ0, θ1, . . . , θl−2, θl−1 + θl+1, θl+2, . . . , θn)

)

⋃ (
{θn = mπ}

⋂
sn−1(θ0, θ1, . . . , θn−1)

)
, (4.21)

for n > 1. The two initial expressions are given in (4.15) and (4.16).

To illustrate this method, we give an example.

Example 4.2 We still consider the case when the degree is3. By (4.20), we have

s3(θ0, θ1, θ2, θ3) =
(
{θ1 = mπ}

⋂
s1(θ0 + θ2, θ3)

)
⋃ (

{θ2 = mπ}
⋂

s1(θ0, θ1 + θ3)
)

⋃ (
{θ3 = mπ}

⋂
s2(θ0, θ1, θ2)

)
. (4.22)
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By (4.16) and (4.17),

s1(θ0 + θ2, θ3) ={θ0 + θ2 = mπ − π/4, θ3 = mπ}
⋃

{θ0 + θ2 = mπ + π/4, θ3 = mπ + π/2},
s1(θ0, θ1 + θ3) ={θ0 = mπ − π/4, θ1 + θ3 = mπ}

⋃
{θ0 = mπ + π/4, θ1 + θ3 = mπ + π/2}.

It is easy to verify that the last term in (4.22) is a subset of the union of first two

terms. Therefore, we obtain the same result as Example 4.1.

In the above example, we find that the solutions due to the firsttype of reduc-

tion are a subset of the solutions due to the second type of reduction. In this case,

we do not need to compute the solution due to the first type of reduction. Actually,

it is true for alln > 2 cases.

Proposition 4.1 For n > 2, the solution of annth degree OFDVM can be simpli-

fied as

sn(θ0, θ1, . . . , θn) = (4.23)
n−1⋃

l=1

(
{θl = mπ}

⋂
sn−2(θ0, θ1, . . . , θl−2, θl−1 + θl+1, θl+2, . . . , θn)

)
. (4.24)

Proof: By (4.20), we only need to prove that

{θn = mπ}
⋂

sn−1(θ0, θ1, . . . , θn−1) (4.25)

is a subset of the right side of (4.23). It is easy to verify that it is true whenn = 3.

In the following, we just prove the cases whenn > 3.

Sincen − 1 > 1, we can use (4.20) to computesn−1. Therefore, (4.25) be-

comes

n−2⋃

l=1

(
{θl = mπ, θn = mπ}

⋂
sn−3(θ0, θ1, . . . , θl−2, θl−1 + θl+1, θl+2, . . . , θn−1)

)

⋃
{θn−1 = mπ, θn = mπ}

⋂
sn−2(θ0, θ1, . . . , θn−3, θn−2).

First, we prove the first union is a subset of the right side of (4.23). Since
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n − 2 > 1, by (4.20),

{θn−2 = mπ}
⋂

sn−3(θ0, θ1, . . . , θn−3)

is a subset ofsn−2(θ0, θ1, . . . , θn−2). Changing the variables, we have

{θn = mπ}
⋂

sn−3(θ0, θ1, . . . , θl−2, θl−1 + θl+1, θl+2, . . . , θn−1)

is a subset ofsn−2(θ0, θ1, . . . , θl−2, θl−1 + θl+1, θl+2, . . . , θn−1, θn), for 0 < l <

n − 1. Therefore, the first union is a subset of the right side of (4.23).

Second, consider the last term. It is easy to verify that

{θn = mπ}
⋂

sn−2(θ0, θ1, . . . , θn−3, θn−2)

is a subset ofsn−2(θ0, θ1, . . . , θn−3, θn−2+θn), which is justsn−2(θ0, θ1, . . . , θl−2, θl−1+

θl+1, θl+2, . . . , θn) for l = n − 1 in (4.23). This completes the proof.

We can further simplify the expression.

Proposition 4.2 For n > 1, the solution ofnth degree orthogonal filter banks

with directional vanishing moments can be simplified as

sn(θ0, θ1, . . . , θn) =

⌊n/2⌋+1⋃

l=1

(
{θl = mπ}

⋂
sn−2(θ0, θ1, . . . , θl−2, θl−1 + θl+1, θl+2, . . . , θn)

)
, (4.26)

where⌊n/2⌋ stands for the maximal integer that is not greater thann/2.

Proof: We prove this result by induction.

1. It is easy to verify that the proposition is true forn = 2 andn = 3.

2. Suppose the proposition is true forn < k +1. Now considern = k +1. By

Proposition 4.1,

sk+1(θ0, θ1, . . . , θk+1) =

k⋃

l=1

(
{θl = mπ}

⋂
sk−1(θ0, θ1, . . . , θl−2, θl−1 + θl+1, θl+2, . . . , θk+1)

)
.

79



It suffices to prove that forl = ⌊(k + 1)/2⌋ + 2, . . . , k

{θl = mπ}
⋂

sk−1(θ0, θ1, . . . , θl−2, θl−1 + θl+1, θl+2, . . . , θk+1) (4.27)

is a subset of

⌊(k+1)/2⌋+1⋃

l=1

(
{θl = mπ}

⋂
sk−1(θ0, θ1, . . . , θl−2, θl−1+θl+1, θl+2, . . . , θk+1)

)
.

(4.28)

By assumption, the proposition is true forn = k − 1, and hence

sk−1(θ0, θ1, . . . , θk−1) =

⌊(k−1)/2⌋+1⋃

l=1

(
{θl = mπ}

⋂
sk−3(θ0, θ1, . . . , θl−2, θl−1 + θl+1, θl+2, . . . , θk−1)

)
.

Therefore, for any solution insk−1(θ0, θ1, . . . , θk−1), at least one ofθ1, . . . , θ⌊(k−1)/2⌋+1

equalsmπ. Note that

⌊(k − 1)/2⌋ + 1 = ⌊(k + 1)/2⌋.

For anyl with ⌊(k+1)/2⌋+2 ≤ l ≤ k, (4.27) is a subset ofsk+1(θ0, θ1, . . . , θk+1).

Since l − 2 ≥ ⌊(k + 1)/2⌋, at least one ofθ1, . . . , θ⌊(k+1)/2⌋ in (4.27)

equalsmπ. Note that in (4.28),l = 1, . . . , ⌊(k + 1)/2⌋ + 1 and{θl =

mπ}⋂
sk−1(θ0, θ1, . . . , θl−2, θl−1 +θl+1, θl+2, . . . , θk+1) includes all the so-

lutions insk+1(θ0, θ1, . . . , θk+1) with θl = mπ. Therefore, (4.27) is a subset

of (4.28). This completes the proof.

For reference, the solutions forn = 4, n = 5, andn = 6 are given in Ta-

bles 4.3, 4.4, and 4.5.

4.5 Orthogonal Filter Banks with Higher-Order

Directional Vanishing Moments

In the previous section, we proposed the complete characterization of orthogonal

filter banks with first-order directional vanishing moments. Based on this charac-

terization, we can further design orthogonal filter banks with higher-order DVM
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Table 4.3: Fourth degree orthogonal filter banks with first-order directional van-
ishing moments.

Index Parameters
1 θ1 = mπ, θ3 = mπ, θ0 + θ2 + θ4 = mπ − π/4
2 θ1 = mπ, θ4 = mπ, θ0 + θ2 = mπ + π/4, θ3 = mπ + π/2
3 θ2 = mπ, θ1 + θ3 = mπ, θ0 + θ4 = mπ − π/4
4 θ2 = mπ, θ4 = mπ, θ0 = mπ + π/4, θ1 + θ3 = mπ + π/2
5 θ3 = mπ, θ2 + θ4 = mπ, θ0 = mπ + π/4, θ1 = mπ + π/2

Table 4.4: Fifth degree orthogonal filter banks with first-order directional vanish-
ing moments.

Index Parameters
1 θ1 = mπ, θ3 = mπ, θ0 + θ2 + θ4 = mπ − π/4, θ5 = mπ
2 θ1 = mπ, θ3 = mπ, θ0 + θ2 + θ4 = mπ + π/4, θ5 = mπ + π/2
3 θ1 = mπ, θ4 = mπ, θ0 + θ2 = mπ − π/4, θ3 + θ5 = mπ
4 θ1 = mπ, θ4 = mπ, θ0 + θ2 = mπ + π/4, θ3 + θ5 = mπ + π/2
5 θ2 = mπ, θ1 + θ3 = mπ, θ0 + θ4 = mπ − π/4, θ5 = mπ
6 θ2 = mπ, θ1 + θ3 = mπ, θ0 + θ4 = mπ + π/4, θ5 = mπ + π/2
7 θ2 = mπ, θ4 = mπ, θ0 = mπ − π/4, θ1 + θ3 + θ5 = mπ
8 θ2 = mπ, θ4 = mπ, θ0 = mπ + π/4, θ1 + θ3 + θ5 = mπ + π/2
9 θ3 = mπ, θ2 + θ4 = mπ, θ0 = mπ − π/4, θ1 + θ5 = mπ
10 θ3 = mπ, θ2 + θ4 = mπ, θ0 = mπ + π/4, θ1 + θ5 = mπ + π/2

by imposing additional derivative constraints. We do not have closed-form expres-

sions. However, the first-order DVM characterization has solved most unknowns

and the number of additional equations is small and can be solved easily. In this

section, we illustrate the design method by examples.

We find the minimal size orthogonal filter banks with second-order DVM. It

is easy to verify that there is no solution forn < 6. Whenn = 6, the solution

belongs to set No. 8 in Table 4.5. The parameters are specifiedby

θ2 = mπ, θ4 = mπ, θ0 + θ6 = mπ − π/4, θ1 + θ3 + θ5 = mπ. (4.29)

It is difficult to solve the triangular equation directly. Therefore, we use the second

expression for the orthogonal matrix. Accordingly, we convert (4.29) into a set of

equations in{aj}:

a2 = 0, a4 = 0, a0 =
a6 + 1

a6 − 1
, a1 =

a5 + a3

a5a3 − 1
. (4.30)
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Table 4.5: Sixth degree orthogonal filter banks with first-order directional vanish-
ing moments.

Index Parameters
1 θ1 = mπ, θ3 = mπ, θ5 = mπ, θ0 + θ2 + θ4 + θ6 = mπ − π/4

2 θ1 = mπ, θ3 = mπ, θ6 = mπ, θ0 + θ2 + θ4 = mπ + π/4, θ5 = mπ + π/2

3 θ1 = mπ, θ4 = mπ, θ0 + θ2 + θ6 = mπ − π/4, θ3 + θ5 = mπ

4 θ1 = mπ, θ4 = mπ, θ6 = mπ, θ0 + θ2 = mπ + π/4, θ3 + θ5 = mπ + π/2

5 θ1 = mπ, θ5 = mπ, θ4 + θ6 = mπ, θ0 + θ2 = mπ + π/4, θ3 = mπ + π/2

6 θ2 = mπ, θ1 + θ3 = mπ, θ5 = mπ, θ0 + θ4 + θ6 = mπ − π/4,

7 θ2 = mπ, θ1 + θ3 = mπ, θ6 = mπ, θ0 + θ4 = mπ + π/4, θ5 = mπ + π/2

8 θ2 = mπ, θ4 = mπ, θ0 + θ6 = mπ − π/4, θ1 + θ3 + θ5 = mπ

9 θ2 = mπ, θ4 = mπ, θ6 = mπ, θ0 = mπ + π/4, θ1 + θ3 + θ5 = mπ + π/2

10 θ2 = mπ, θ5 = mπ, θ4 + θ6 = mπ, θ0 = mπ + π/4, θ1 + θ3 = mπ + π/2

11 θ3 = mπ, θ2 + θ4 = mπ, θ0 + θ6 = mπ − π/4, θ1 + θ5 = mπ

12 θ3 = mπ, θ2 + θ4 = mπ, θ6 = mπ, θ0 = mπ + π/4, θ1 + θ5 = mπ + π/2

13 θ3 = mπ, θ5 = mπ, θ2 + θ4 + θ6 = mπ, θ0 = mπ + π/4, θ1 = mπ + π/2

14 θ4 = mπ, θ3 + θ5 = mπ, θ2 + θ6 = mπ, θ0 = mπ + π/4, θ1 = mπ + π/2

The free variables area3, a5, a6. By solving the constraints imposed by the second-

order DVM, we have

a3 =
2a5

a2
5 − 1

,

a6 =
6 − 2a2

5 +
√

35 − 26a2
5 + 3a4

5

1 + a2
5

. (4.31)

Therefore, we obtain a family of solutions with one degree offreedom,a5.

Example 4.3 Whena5 = ±
√

5
3
, we have35 − 26a2

5 + 3a4
5 = 0 in (4.31). In this

case, the resulting lowpass filter is given in Table 4.6, and its magnitude frequency

response is shown in Fig. 4.2(a). Do also found this filter by brute force. Actually,

Do also found that it is the minimal orthogonal filter with second-order directional

vanishing moments.

Example 4.4 Whena5 = ±
√

7, we also have35 − 26a2
5 + 3a4

5 = 0 in (4.31).

In this case, the resulting lowpass filter is given in Table 4.7, and its magnitude

frequency response is shown in Fig. 4.2(b). To the best of our knowledge, it is a

new filter.
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Table 4.6: Coefficients of the lowpass filterg[n1, n2] in Example 4.3.

n1Ân2 0 1 2

0 0 − 3
32

√
2

√
15

32
√

2

1 −
√

15
32

√
2

5
32

√
2

0

2 0
√

15
16

√
2

−
√

15
16

√
2

3
√

15
16

√
2

√
15

16
√

2
0

4 0 5
32

√
2

√
15

32
√

2

5 −
√

15
32

√
2

− 3
32

√
2

0

Table 4.7: Coefficients of the lowpass filterg[n1, n2] in Example 4.4.

n1Ân2 0 1 2
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Figure 4.2: Magnitude frequency responses of two orthogonal lowpass filters with
second-order directional vanishing moments: (a) Example 4.3. (b) Example 4.4.
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Example 4.5 We can also impose some additional point vanishing moments by

∂2G(z1, z2)

∂z2
2

∣∣∣∣
(−1,−1)

= 0.

There are two solutions:

a5 = 1.144928297722449,

a5 = 9.495665386679022.

The magnitude frequency responses of the resulting lowpass filters are given in in

Fig. 4.3. They have good diamond shape.

-2

0

2

-2

0

2

0

0.5

1

-2

0

2

-2

0

2

-2

0

2

0

0.5

1

-2

0

2

Figure 4.3: Magnitude frequency responses of two orthogonal lowpass filters in
Example 4.5. They have second-order directional vanishingmoments and one
additional point vanishing moment.

4.6 Conclusion

We have proposed a method based on lattice structures to design orthogonal FIR

filter banks with directional vanishing moments. We consider orthogonal filter

banks generated by lattice structures. For this class of filter banks, we find a

complete closed-form solution for the directional-vanishing-moment condition. It

also simplifies the design problem for orthogonal filter banks with higher-order

directional vanishing moments. We illustrate our design method with examples.
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CHAPTER 5

MULTIDIMENSIONAL
OVERSAMPLED FIR FILTER
BANKS

5.1 Introduction

Oversampled filter banks are multirate filter banks where thenumber of channels

is larger than the sampling rate (see Fig. 5.2). One particular class of oversampled

filter banks is nonsubsampled filter banks without downsampling or upsampling

(see Fig. 5.3). The perfect reconstruction condition for anoversampled filter bank

is equivalent to a matrix inverse problem in the polyphase domain. Perfect recon-

struction oversampled IIR filter banks have been studied in [85, 86] in the con-

text of control theory. In this chapter, we are interested inperfect reconstruction

oversampled FIR filter banks (that is, all filters are FIR), which are much easier

to implement and thus more popular. One-dimensional (1-D) oversampled filter

banks have been investigated in [10, 11, 87, 88]. For 1-D oversampled FIR filter

banks, the Euclidean algorithm plays a key role in the matrixinverse problem [10].

However, the Euclidean algorithm fails for multidimensional (MD) filters.

Algebraic geometry and Gröbner bases are powerful tools for multivariate

polynomials [89, 90] and are widely used in multidimensional signal process-

ing [91–95]. Rajagopal and Potter recently applied algebraic geometry to com-

pute polynomial matrix inverse [96]. However, the filters they considered are only

polynomial or causal filters, while the filters we consider here are general FIR

filters. General FIR filters are more flexible and are used in many signal pro-

This chapter includes research conducted jointly with MinhN. Do [81–84].

85



cessing and communication applications; for example, FIR filters used in image

processing are typically not causal.

To apply algebraic geometry, we need to convert the FIR representation into

a polynomial representation. One direct way to convert FIR filters into polyno-

mial ones is multiplying the FIR filters with a monomial with high enough degree

(equivalent to shifting the origin so that the filters are causal), as in [93]. How-

ever, this approach still needs the prior information or estimate of the shift of the

synthesis filters. Park, Kalker, and Vetterli proposed an algorithm transforming

the FIR problem into a polynomial one [97,98]. However, thisalgorithm involves

complicated transformation matrices. More comparison on different approaches

in dealing with FIR filters will be provided later.

In this chapter, we propose a general framework for MD oversampled FIR

filter banks using algebraic geometry. We map the FIR inverseproblem into a

polynomial one by simply introducing a new variable. We firststudy particular

nonsubsampled FIR filter banks. We propose the existence, computation, and

characterization of FIR synthesis filters. We investigate the nonsubsampled FIR

filter bank design problem using the mapping approach. Based on these results,

we then solve the matrix inverse problem for general oversampled FIR filter banks

and propose design methods for oversampled FIR filter banks.

The rest of the chapter is organized as follows. In Section 5.2, we set up the

problem and briefly introduce algebraic geometry and Gröbner bases. In Sec-

tion 5.3, we propose the existence, computation, and characterization of synthesis

filters of a nonsubsampled filter bank. In Section 5.4, we propose the design

method of nonsubsampled filter banks. We extend these results to oversampled

filter banks in Section 5.5 and draw conclusions in Section 5.6.

5.2 Preliminaries

5.2.1 Problem setup

For anM -dimensional (orM -variate) filterh(k), k ∈ ZM , its z-transformH(z)

is defined1 as

H(z) =
∑

k∈ZM

x(k)zk.

1For convenience, we definez-transform so that causal filters are polynomials inz instead of
z−1 in the usual definition.
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The set ofk such thath(k) is nonzero is called the support ofh(k) or H(z). A

filter is said to be FIR if its support is finite. If the filter is both FIR and causal,

then itsz-transform is a multivariate polynomial. We will refer to such filters

as polynomial or polynomial filters. Figure 5.1 illustratesdifferent supports of

two-dimensional polynomial filters and FIR filters.

k1

k2

(a)

k1

k2

(b)

Figure 5.1: Examples of supports of two-dimensional filters: (a) Polynomial or
causal; (b) FIR.

Consider an MDN -channel oversampled filter bank as shown in Fig. 5.2(a).

The sampling rate equals| detD|, denoted byP . Its polyphase representation is

shown in Fig. 5.2(b). In the polyphase domain, the analysis and synthesis parts can

be represented by anN ×P matrixH(z) and aP ×N matrixG(z), respectively.

In the polyphase domain, the perfect reconstruction condition X̂(z) = X(z)

is equivalent to

G(z)H(z) = I. (5.1)

One key problem for oversampled filter banks is whether thereexists an FIR left

inverse given an FIR matrixH(z) exists and how to find one if it exists. For

nonsubsampled filter banks, the analysis polyphase matrixH(z) is just a column

vector of synthesis filters and the synthesis polyphase matrix G(z) is just a row

vector of analysis filters. In this case, the condition (5.1)becomes simpler:

N∑

i=1

Hi(z)Gi(z) = 1. (5.2)

We first solve the particular FIR vector inverse problem given in (5.2) and then

extend the results to the general FIR matrix inverse problemgiven in (5.1).

Algebraic geometry and Gröbner bases are powerful tools for multivariate

polynomials, but not directly for FIR filters. To apply thesetools, we need to

convert the condition (5.1) for FIR matrices into a condition for polynomial ma-
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Figure 5.2: (a) An MDN -channel oversampled filter bank:Hi andGi are MD
analysis and synthesis filters, respectively;D is anM × M sampling matrix with
sampling rateP = | detD| < N . (b) Polyphase representation:H andG are MD
analysis and synthesis polyphase transform matrices, respectively;{lj}P−1

j=0 is the
set of all integer vectors inFPD(D).
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trices. One key observation is that we can convert bothH(z) and G(z) into

polynomial matrices by multiplying both sides of (5.1) witha monomial of high

enough degree. Then the perfect reconstruction condition for the FIR matrix in

(5.1) is equivalent to a condition for a polynomial matrix:

G(z)H(z) = zmI, for some integer vectorm. (5.3)

In applications,zm in (5.3) can be interpreted as a shift or delay, that is, the

reconstruction signal is a shifted version of the input signal. One challenge of this

conversion is that we do not knowm beforehand. We propose a novel method to

solve this problem by simply introducing a new variable.

5.2.2 Algebraic geometry and Gr̈obner bases

Algebraic Geometry and Gröbner bases are powerful tools for multivariate poly-

nomials. In the following, we briefly introduce algebraic geometry and Gr̈obner

bases. For the details, we refer readers to [89,99,100].

Supposek = [k1, . . . , kM ] is a nonnegative integer vector, and denote|k| =

k1 + · · · + kM . Thenzk is a monomial with degreek and total degree|k|. A

monomial ordering onM -variate polynomials is any relation> on ZM
+ , for ex-

ample, the lexicographic order onk. An M -variate polynomialH(z) is a finite

linear combination of monomials:

H(z) =
∑

k∈Z
M
+

h(k)zk.

The maximumk (in terms of a specific monomial ordering) with nonzero coeffi-

cienth(k) is called the degree ofH(z). Similarly, the maximum|k| with nonzero

coefficienth(k) is called the total degree ofH(z), denoted by deg(H). Theideal

generated by a polynomial set{H1, . . . , HN} is denoted as

〈H1, . . . , HN〉 def
=

{
N∑

i=1

Hi(z)Gi(z), for arbitrary polynomialsGi(z)

}
. (5.4)

Therefore, the polynomial inverse problem given in (5.2) can be formulated into

an ideal membership problem: decide whether1 belongs to the ideal generated by

{H1, . . . , HN} and if so, find the associated{Gi(z)} in (5.4).

The univariate membership problem is the well-known Bezout identity prob-
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lem [101]. If the greatest common divisor (GCD) of{H1, . . . , HN} is 1, then the

Bezout identity problem has a solution. We can use the Euclidean algorithm to

find the GCD and also a set of{G1, . . . , GN} [102]. However, the univariate GCD

criterion fails for multivariate polynomials. To illustrate this, we give an example.

Example 5.1 Let H1(z1, z2) = 1 − z1 and H2(z1, z2) = 1 − z2. The GCD of

H1(z1, z2) andH2(z1, z2) is 1. However, there does not exist polynomial synthesis

filters G1 andG2 satisfying (5.2). To check this, consider(z1, z2) = (1, 1): the

left side of (5.2) equals0, which cannot equal the right side1.

The multivariate membership problem can be solved by Gröbner bases. Any

set of polynomials can generate a Gröbner basis so that the ideal generated by

the Gr̈obner basis is the same as the ideal generated by the given polynomial set.

Specifically, given a polynomial set{H1, . . . , HN}, there exist a Gr̈obner basis

{B1, . . . , Bn} and ann × N (polynomial) transform matrix{Wi,j(z)} such that

Bi(z) =
N∑

j=1

Wi,j(z)Hj(z), for 1 ≤ i ≤ n. (5.5)

Note that the size of the generated Gröbner basis is irrelevant to the size of the

given polynomial set.

A set of polynomials may generate many Gröbner bases. However, every gen-

erated Gr̈obner basis can be reduced into thereduced Gr̈obner basis, which is

unique not only for a given polynomial set, but also for the generated ideal. Us-

ing a procedure similar to the Euclidean algorithm, Buchberger’s algorithm can

be used to compute the reduced Gröbner basis and the associated transform ma-

trix [89]. Buchberger’s algorithm is implemented by many free computer algebra

software such asMacaulay2andSingular, or commercial software such asMaple

andMathematica.

5.3 Multidimensional Nonsubsampled FIR Filter

Banks: Characterization

5.3.1 Introduction

Nonsubsampled filter banks are particular oversampled filter banks without down-

sampling or upsampling as shown in Fig. 5.3.
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Figure 5.3: An MDN -channel nonsubsampled filter bank:Hi andGi are MD
analysis and synthesis filters, respectively.

The perfect reconstruction condition for nonsubsampled FIR filter banks leads

to a vector inverse problem: the analysis filters{H1, . . . , HN} are given and FIR,

and the goal is to find a set of FIR synthesis filters{G1, . . . , GN} satisfying (5.2).

In this section, we study the existence, computation, and characterization of syn-

thesis filters. This problem is simpler than the matrix inverse problem for general

oversampled filter banks. Moreover, the solution to this problem will be used to

solve the general matrix inverse problem.

5.3.2 Existence of synthesis filters

We first apply algebraic geometry and Gröbner bases to find the existence con-

dition of polynomial synthesis filters and then extend theseresults to the general

FIR case. For further discussion, we give the following definitions.

Definition 5.1 A set of polynomial filters{H1, . . . , HN} is said to bepolynomial

invertible if there exists a set of polynomial filters{G1, . . . , GN} satisfying the

perfect reconstruction condition (5.2).

Definition 5.2 A set of FIR filters{H1, . . . , HN} is said to beFIR invertible if

there exists a set of FIR filters{G1, . . . , GN} satisfying the perfect reconstruction

condition (5.2).

Note that Definition 5.1 extends the perfect reconstructionproblem with poly-

nomial or causal filters in Definition 5.2 to more general FIR filters.

We first consider the existence condition for polynomial synthesis filters. Us-

ing the Weak Nullstellensatz theorem [99], we obtain an existence condition.
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Proposition 5.1 ([99]) Suppose{H1, . . . , HN} is a set ofM -variate polynomi-

als. Then it is polynomial invertibleif and only if the system of equations

{H1(z) = 0, . . . , HN(z) = 0}

has no solution in the complex fieldCM .

Proposition 5.1 provides an analytical invertibility condition on polynomial

analysis filters. It can also be used as a direct test criterion for simple polynomial

sets. However, Proposition 5.1 is not a practical criterionfor general polynomial

sets since it is generally difficult to test whether a system of polynomial equations

has a solution in the complex field. Using Gröbner bases, we obtain the following

computational test criterion.

Proposition 5.2 Suppose{H1, . . . , HN} is a set of multivariate polynomials. Then

it is polynomial invertibleif and only if its reduced Gr̈obner basis is{1}.

Proof: Suppose{H1, . . . , HN} is polynomial invertible. As mentioned after

(5.4), this is equivalent to say that1 belongs to〈H1, . . . , HN〉. Also, eachHi

belongs to〈1〉 sinceHi = 1 · Hi. Therefore,〈H1, . . . , HN〉 = 〈1〉. The reduced

Gröbner basis of〈1〉 is {1}. By the uniqueness of the reduced Gröbner basis, the

reduced Gr̈obner basis of{H1, . . . , HN} is also{1}.

The sufficient condition follows from (5.5) directly.

Example 5.2 Let H1 = z7
1z2 + z2

1 + 1, H2 = z2
1z

3
2 + 4z5

2 + 1, andH3 = z8
1z2 +

z2
1z

2
2 + z5

2 + 4z4
1 + 1. Finding the common roots for these polynomials is difficult.

However, it is easy to compute (using a computer algebra software mentioned

before) its reduced Gröbner basis, which is{1}. Thus by Proposition 5.2, the

polynomial set{H1, H2, H3} is polynomial invertible.

Either Proposition 5.1 or Proposition 5.2 provides a necessary and sufficient

existence condition forpolynomialsynthesis filters. However, for generalFIR

synthesis filters, these conditions are not necessary. To illustrate this, we give an

example.

Example 5.3 Let H1(z1, z2) = z1 and H2(z1, z2) = z2. They have a common

zero z = (0, 0) and hence{H1, H2} is not polynomial invertible by Proposi-

tion 5.1. Also, the reduced Gröbner basis of{H1, H2} is itself and hence this

polynomial set does not satisfy the condition given in Proposition 5.2. However,
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let G1(z1, z2) = z−1
1 /2 andG2(z1, z2) = z−1

2 /2. Then they satisfy (5.2). In other

words,{H1, H2} is FIR invertible.

As mentioned in Section 5.2.1, we can convert the perfect reconstruction con-

dition (5.2) for FIR filters into a condition for polynomials:

N∑

i=1

Hi(z)Gi(z) = zm, for some integer vectorm. (5.6)

Since we can shift the known FIR analysis filters{Hi} to polynomial filters, with-

out loss of generality, we assume that the analysis filters are polynomial in this

subsection. The problem with solving{Gi} in (5.6) from given{Hi} is that we

do not knowm beforehand. To address this problem, we propose a novel ap-

proach to generalize Propositions 5.1 and 5.2 to the generalFIR case.

Definition 5.3 A vector is said to beweak-zeroif at least one of its elements is

zero.

Theorem 5.1 Suppose{H1(z), . . . , HN(z)} is a set of multivariate polynomials.

Then it is FIR invertibleif and only if every solution of the system of equations

{H1(z) = 0, . . . , HN(z) = 0} (5.7)

is weak-zero.

Proof: For the necessary condition, supposes is a solution of Equation (5.7).

Then substitutingz = s in (5.6) we have0 = sm = sm1
1 · · · smM

M . Therefore,s is

weak-zero.

For the sufficient condition, suppose every solution of (5.7) is weak-zero.

Then every solution satisfiesz1 · · · zM = 0. By the Hilbert’s Nullstellensatz The-

orem ([99] pp. 170-171), there exists a positive integerm such that(z1 · · · zM)m

lies on the ideal generated by{H1, . . . , HN}, which leads to (5.6).

The weak-zero is the extension of one-dimensional zero to the multidimen-

sional cases. In the multidimensional coordinate system, avector is weak-zero if

and only if it lies on a coordinate plane. Caroenlarpnopparutand Bose used non-

trivial common zero in [93], which is the complement of weak-zero. To illustrate

Theorem 5.1, we give an example.
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Example 5.4 LetH1(z1, z2) = z1+z2
2−1 andH2(z1, z2) = z1+z2−1. They have

only two common zeros,z = [1, 0] andz = [0, 1], and both of them are weak-zero.

By Theorem 5.1, the set{H1, H2} is FIR invertible. Actually,G1(z1, z2) = −1 and

G2(z1, z2) = z2 + 1 satisfy (5.6) withm = [1, 1].

Theorem 5.1 gives a sufficient and necessary condition for the FIR exact syn-

thesis. However, like Proposition 5.1, it is not a practicalcriterion for general

sets of multivariate polynomials due to the difficulty of finding common zeros.

Using Gr̈obner bases, we extend Proposition 5.2 and obtain a computational test

criterion for the existence of FIR synthesis filters.

Theorem 5.2 Suppose{H1(z), . . . , HN(z)} is a set of multivariate polynomials.

Then it is FIR invertibleif and only if the reduced Gr̈obner basis of

{H1(z), . . . , HN(z), 1 − z1 · · · zM+1} is {1}, wherez = [z1, . . . , zM ], andzM+1

is a new variable.

Proof: For the necessary condition, suppose the polynomial set{Hi(z)}
is FIR invertible. Then there exists a set of polynomials{G1(z), . . . , GN(z)}
satisfying (5.6) for some integer vectorm ∈ ZM

+ . Let m0 be the maximum of

{m1, . . . ,mM}. If m0 equals0, then by Proposition 5.2 the reduced Gröbner

basis of the polynomial set{H1(z), . . . , HN(z)} is {1}, and so is the polynomial

set{H1(z), . . . , HN(z), 1 − z1 · · · zM+1}. Otherwise,m0 is positive. Now let

G′
i(z, zM+1) = zm0

M+1

M∏

j=1

z
m0−mj

j Gi(z), for i = 1, . . . , N, (5.8)

and

G′
N+1(z, zM+1) =

m0−1∑

i=0

M+1∏

j=1

zi
j. (5.9)

Then, using (5.6), we have

N∑

i=1

Hi(z)G′
i(z, zM+1) + (1 −

M+1∏

j=1

zj)G
′
N+1(z, zM+1) = 1.

Note that{G′
1(z, zM+1), . . . , G

′
N+1(z, zM+1)} are(M + 1)-variate polynomials.

Therefore, the set of polynomials{H1(z), . . . , HN(z), 1 − z1 · · · zM+1} is poly-

nomial invertible and hence by Proposition 5.2, its reducedGröbner basis is{1}.
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For the sufficient condition, suppose the reduced Gröbner basis of

{H1(z), . . . , HN(z), 1 − z1 · · · zM+1} is {1}. Then by Proposition 5.2, this poly-

nomial set is polynomial invertible. In other words, there exists a polynomial set

{G1(z, zM+1), . . . , GN+1(z, zM+1)} satisfying (5.2), that is,

N∑

i=1

Hi(z)Gi(z, zM+1) + (1 −
M+1∏

j=1

zj)GN+1(z, zM+1) = 1. (5.10)

Now setzM+1 = z−1
1 · · · z−1

M . Then (5.10) becomes

N∑

i=1

Hi(z)Gi(z,

M∏

j=1

z−1
j ) = 1.

Note that{Gi(z, z−1
1 · · · z−1

M )} is a set ofM -variate FIR filters. Therefore,{Hi(z)}
is FIR invertible.

The key in this theorem is the introduction of a new variablezM+1 that maps

the FIR inverse into a polynomial one. Compared to the previously proposed tech-

niques like the ones in [98], it is considerably simpler. To illustrate Theorem 5.2,

we give an example.

Example 5.5 LetH1(z1, z2) = 3z1z
6
2+z6

2+6z2
1z

3
2+8z1z

3
2−3z3

2+3z3
1+7z2

1+2 and

H2(z1, z2) = z1z
6
2−2z6

2 +2z2
1z

3
2−2z1z

3
2 +6z3

2 +z3
1 +7z1−4. Finding the common

roots for these polynomials is difficult. However, it is easy to compute the reduced

Gröbner basis of{H1, H2, 1 − z1z2z3} using a computer algebra software. For

example, we useMathematicato compute it.

In:= H1 = 3 z1 z2ˆ6 + z2ˆ6 + 6 z1ˆ2 z2ˆ3 + 8 z1 z2ˆ3

- 3 z2ˆ3 + 3 z1ˆ3 + 7 z1ˆ2 + 2;

H2 = z1 z2ˆ6 - 2 z2ˆ6 + 2 z1ˆ2 z2ˆ3 - 2 z1 z2ˆ3

+ 6 z2ˆ3 + z1ˆ3 + 7 z1 - 4;

GroebnerBasis[{H1, H2, 1 - z1 z2 z3}, {z1, z2, z3}]

Out:={1}

Therefore, its reduced Gröbner basis is{1}. By Theorem 5.2,{H1, H2} is FIR

invertible.
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5.3.3 Computation of synthesis filters

By Proposition 5.2, if a set of polynomial analysis filters{H1, . . . , HN} is polyno-

mial invertible, then its reduced Gröbner basis is{1}. In this case, we haven = 1

andB1(z) = 1 in (5.5) and the transformation matrix[W1,1, . . . ,W1,N ] gives a set

of polynomial synthesis filters.

Algorithm 5.1 The test and computational algorithm for a set of polynomialsyn-

thesis filters is given as follows.

Input: a set of polynomial analysis filters{H1(z), . . . , HN(z)}.

Output: a set of polynomial synthesis filters, if it exists.

1. Use the Buchberger’s algorithm to compute the reduced Gröbner basis of

{H1, . . . , HN} and the associated transform matrix{Wi,j} as defined in

(5.5).

2. If the reduced Gr̈obner basis is{1}, then output the set{W1,1, . . . ,W1,N}.

Otherwise, there is no solution.

For the general FIR problem, the constructive proof of Theorem 5.2 leads to

an algorithm to compute a set of FIR synthesis filters.

Algorithm 5.2 The test and computational algorithm for a set of FIR synthesis

filters is given as follows.

Input: a set ofM -variate FIR analysis filters{H1(z), . . . , HN(z)}.

Output: a set of FIR synthesis filters, if it exists.

1. Multiply{Hi(z)} by a common monomialzm0 such that{Hi(z)} are poly-

nomials.

2. Use the Buchberger’s algorithm to compute the reduced Gröbner basis of

{H1(z), . . . , HN(z), 1 − z1 · · · zM+1} and the associated transform matrix

{Wi,j(z, zM+1)} as defined in (5.5).

3. If the reduced Gr̈obner basis is{1}, then simplify

G = {W1,1(z, z−1
1 · · · z−1

M ), . . . ,W1,N(z, z−1
1 · · · z−1

M )}

and outputz−m0G. Otherwise, there is no solution.
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Algorithm 5.2 generates a set of FIR synthesis filters without the prior knowl-

edge of the support of the filters. Moreover, by changing the order of the set

{H1, . . . , HN , 1 − z1 · · · zM+1} as the input for the Buchberger’s algorithm, the

synthesis filters can be computed with either minimal order or minimum number

of coefficients [96]. The following example illustrates this algorithm.

Example 5.6 Let H1(z1, z2) = z1 + z2
2 − 1 andH2(z1, z2) = z1 + z2 − 1. The

reduced Gr̈obner basis of{H1, H2, 1 − z1z2z3} is {1} and the transform ma-

trix is (−z3, z3 + z2z3, 1). By Algorithm 5.2, we obtain a set of synthesis filters

{−z−1
1 z−1

2 , z−1
1 z−1

2 + z−1
1 }. It can be verified that this filter set has minimum num-

ber of coefficients.

Caroenlarpnopparut and Bose also explored the computation ofFIR inverses

in the context of two-channel filter bank design [93]. They compute the reduced

Gröbner basis of{Hi} using the Buchberger’s algorithm and estimatem in (5.6).

To find {Gi}, they use multivariate division algorithm to dividezm by the the

reduced Gr̈obner basis of{Hi}. Park, Kalker, and Vetterli proposed a mapping

method to compute FIR inverses in [98]. They first compute a square FIR invert-

ible transform matrix and transform{Hi} into a vector of polynomial filters{H ′
i}.

Then they compute the reduced Gröbner basis of{H ′
i} and obtain a polynomial

inverse{G′
i}. Finally, they take the inverse transform of{G′

i} to obtain{Gi}.

Compared to these two methods, our algorithm is much simpler.

In filter bank design, we need to estimate the order of the synthesis filters.

Using algebraic geometry, Kollar proposed a sharp bound on the minimum shift

and the minimum order of synthesis filters.

Proposition 5.3 ([103]) Suppose a set ofM -variate polynomials{H1, . . . , HN}
is FIR invertible. Letdi = deg(Hi) and assume thatd1 ≥ · · · ≥ dN and at most

three of thedi equal2. Then one can findG1, . . . , GN and a positive integerm

satisfying
N∑

i=1

GiHi = zm

such that

m ≤ F (M,d1, . . . , dN) and deg(GiHi) ≤ (1 + M) · F (M,d1, . . . , dN),
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where

F (M,d1, . . . , dN) =





d1 · · · dN if N ≤ M ;

d1 · · · dM if N > M > 1;

d1 + dN − 1 if N > M = 1.

To illustrate Proposition 5.3, we give an example.

Example 5.7 Let H1(z1, z2) = z1 + z2
2 − 1 andH2(z1, z2) = z1 + z2 − 1. Here

M = 2, N = 2, d1 = 2, andd2 = 1. We can obtainF (M,d1, d2) = 2. By

Proposition 5.3, there exist polynomialsG1, G2 satisfying (5.6) such thatm ≤ 2

and deg(GiHi) ≤ 6. Actually,G1 = −1, G2 = 1 + z2, andm = 1 satisfy this

condition.

5.3.4 Characterization of synthesis filters

The set of FIR synthesis filters is not unique for a given set ofFIR synthesis filters.

Caroenlarpnopparut proposed a complete characterization of polynomial synthe-

sis filters based on the syzygy method in [94]. In this section, we propose a simpler

characterization that uses a particular set of FIR synthesis filters to characterize

all sets of FIR synthesis filters.

Using the matrix format, we express (5.2) as

HT (z)G(z) = 1, (5.11)

whereH(z) andG(z) are column vectors ofN FIR analysis filters and synthesis

filters.

Theorem 5.3 SupposeH(z) is a given vector of FIR analysis filters andGp(z) is

a vector of FIR synthesis filters satisfying (5.11). Then a vector of synthesis filters

G(z) also satisfies (5.11)if and only if G(z) can be written as

G(z) = Gp(z) +
(
I − Gp(z)HT (z)

)
S(z), (5.12)

whereS(z) is an arbitrary column vector of lengthN . G(z) is FIR if and only if

S(z) is FIR.

Proof: For sufficiency, supposeG(z) can be written as (5.12). Then

HT (z)G(z) = HT (z)Gp(z) + HT (z)
(
I − Gp(z)HT (z)

)
S(z).
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SinceGp(z) satisfies (5.11),HT (z)Gp(z) = 1. After simple manipulations, we

haveHT (z)G(z) = 1.

For necessity, supposeG(z) satisfies (5.11). LetS(z) be the difference of

Gp(z) andG(z):

S(z) = G(z) − Gp(z).

SinceGp(z) also satisfies (5.11),HT (z)S(z) = 0. Therefore,

(
I − Gp(z)HT (z)

)
S(z) = S(z) − Gp(z) · 0 = S(z),

which leads to (5.12).

Note thatS(z) = G(z) − Gp(z) andGp(z) is FIR. Therefore,G(z) is FIR

if and only if S(z) is FIR.

Theorem 5.3 characterizes all FIR synthesis filters. In thischaracterization,

the parameter vectorS(z) is free, which can be used to convert the constrained

optimization problem into an unconstrained one. Similar results for general IIR

filter banks can be found in [11]. Here we present a stronger result for FIR filters

where the free vectorS(z) is also FIR. We further simplify the characterization

for the two-channel case.

Proposition 5.4 Suppose(H1(z), H2(z))T is a given vector of FIR analysis fil-

ters andGp(z) is a vector of two FIR synthesis filters satisfying (5.11). Then a

vector of two FIR synthesis filtersG(z) also satisfies (5.11)if and only if G(z)

can be written as

G(z) = Gp(z) + S(z)

(
H2(z)

−H1(z)

)
,

whereS(z) is an arbitrary FIR filter.

Proof: By Theorem 5.3, the complete characterization is

G(z) = Gp(z) + (I − Gp(z)HT (z))S(z).
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For the two-channel case,

I − Gp(z)HT (z) =

(
1 − Gp,1H1 −Gp,1H2

−Gp,2H1 1 − Gp,2H2

)

=

(
Gp,2H2 −Gp,1H2

−Gp,2H1 Gp,1H1

)
,

which leads to

(I − Gp(z)HT (z))S(z) = S1

(
Gp,2H2

−Gp,2H1

)
+ S2

(
−Gp,1H2

Gp,1H1

)

= (S1Gp,2 − S2Gp,1)

(
H2

−H1

)
.

SinceGp(z) satisfies (5.11),H1Gp,1 + H2Gp,2 = 1. Let S1 andS2 be

S1 = H2S,

S2 = −H1S.

ThenS(z) = S1Gp,2 − S2Gp,1. This completes the proof.

5.4 Multidimensional Nonsubsampled FIR Filter

Banks: Design

5.4.1 Design method

The design of nonsubsampled FIR filter banks is much easier than that of critically

sampled FIR filter banks. In the design, we have more freedom.If the set of anal-

ysis filters is FIR invertible, then we can compute a set of synthesis filters using

Algorithm 5.2. Moreover, we can use Theorem 5.3 to characterize all synthesis

filters with a free vector of FIR filters. We can optimize the synthesis filters by

optimizing the free vector.

We can use Theorem 5.1 or Theorem 5.2 to test whether a set of analysis

filters is FIR invertible. One important question is: How likely is it that a set

of random analysis filters is FIR invertible? Harikumar and Bresler studied 1-D

and 2-D cases in the context of multichannel deconvolution [104, 105]. Using
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Theorem 5.1, we convert this question to another one: How likely is it that a set

of random multivariate polynomial equations has only weak-zero solutions? We

first consider the polynomial invertible case. Using algebraic geometry, we have

the following result.

Proposition 5.5 ([90], Chapter 3) A set of polynomial analysis filters is almost

surely polynomial invertible if the number of filters is larger than the number of

dimensions. Otherwise, it is almost surely not polynomial invertible.

We easily extend Proposition 5.5 to the FIR invertible case.

Proposition 5.6 A set of FIR analysis filters is almost surely FIR invertible if the

number of filters is larger than the number of dimensions. Otherwise, it is almost

surely not FIR invertible.

Based on Proposition 5.6, if the number of filters (or the number of channels)

is larger than the number of dimensions, then the design is simple. We first de-

sign the analysis filters freely and then design the synthesis filters based on the

complete characterization. If the number of filters is equalto or smaller than the

number of dimensions, the design is difficult since the set ofanalysis filters is

almost surely not FIR invertible. We use the mapping approach [44–47] to solve

this problem. The key observation is that the perfect reconstruction condition

(5.2) still holds after replacingz by an FIR vector in other variables if{Hi} and

{Gi} are polynomials inz. We summarize this design method into the following

algorithm.

Algorithm 5.3 The design algorithm for a nonsubsampled FIR filter bank where

the number of channels is not larger than the number of dimensions is given as

follows.

Input: Specifications on the frequency response of{H1(z), . . . , HN(z)} and

{G1(z), . . . , GN(z)}.

Output: A nonsubsampled FIR filter bank.

1. Let y be an(N − 1)-dimensional variable. Design a set of polynomials

{H1(y), . . . , HN(y)} satisfying the given specifications. This set is almost

surely polynomial invertible.

2. Use Algorithm 5.1 to compute a set of polynomial synthesisfilters.
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3. Use Theorem 5.3 to find the complete characterization of polynomial syn-

thesis filters{Gi(y)}.

4. DesignN − 1 FIR mapping functionsF (z) = [F1(z), . . . , FN−1(z)].

5. Optimize{G1(F (z)), . . . , GN(F (z))} according to the given specifications.

6. Simplify and output{Hi(F (z))} and{Gi(F (z))}.

5.4.2 Optimal filter design

We have shown that most nonsubsampled filter bank design problems can be

boiled down into individual filter design problem. This simplifies our design

problem. In this subsection, we study the problem of designing a 2-D linear-

phase highpass filter with directional vanishing moments. For more information

on directional vanishing moments, see Chapter 4.

One-Dimensional Case

We first consider the 1-D case, which will be used for the 2-D case later. In the

1-D case, the DVM condition becomes the vanishing-moment condition. Sup-

poseH(z) is a linear-phase FIR filter of lengthM . SupposeH(z) hasLth-order

vanishing moments. Then

dnH

dzn

∣∣∣∣
z=1

= 0, for n = 0, 1, . . . , L − 1, (5.13)

which amounts to some linear constraints onh(n). There are four types of FIR

linear-phase filters. Among them, antisymmetric filters have a zero atz = 1,

which guarantees1st-order vanishing moments already. However, antisymmetric

odd-length filters also have a zero atz = −1, which is undesirable for a highpass

filter. Therefore, antisymmetric even-length filters are best for our design problem

and they satisfy

H(z−1) = −zMH(z). (5.14)

In the time domain, it leads to

h(M + 1 − i) = −h(i), for i = 0, 1, . . . ,M − 1. (5.15)
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Our design problem is to find an antisymmetric even-length FIR filter with the

most selective highpass frequency response under the constraints of (5.13) and

(5.14). Suppose the cutoff frequency iswc. LetHd(w) be the ideal highpass filter,

that is,

Hd(w) =

{
e−jwM/2+jπ/2, for |w| > wc,

0, Otherwise.

It is easy to check thathd(n) satisfies (5.15). For convenience, we introduce two

vectors forh(n) andhd(n), respectively:

h
def
= [h(0), h(1), . . . , h(M − 1)]T ,

hd
def
= [hd(0), hd(1), . . . , hd(M − 1)]T .

We want to find the filter closest toHd in the sense ofL2 norm. TheL2 distance

of two filtersH(w) andHd(w) is

‖H − Hd‖2 =

∫ π

−π

(
H(w) − Hd(w)

)2
dw. (5.16)

By Parseval’s equation,

∑

k

(
h(k) − hd(k)

)2
=

∫ π

−π

(
H(w) − Hd(w)

)2
dw.

Sinceh(n) is FIR, and bothh(n) andhd(n) satisfy (5.15),

∑

k

(
h(k) − hd(k)

)2
=

M−1∑

k=0

(
h(k) − hd(k)

)2
+

∑

k<0 or k≥M

(
hd(k)

)2

= 2

M/2−1∑

k=0

(
h(k) − hd(k)

)2
+

∑

k<0 or k≥M

(
hd(k)

)2
.

Since the second term is independent ofh(n), we need only minimize the first

term. In other words, we need only minimize the Euclidean distance betweenh

andhd, i.e.,

‖h − hd‖2 =

M/2−1∑

k=0

(
h(k) − hd(k)

)2
.
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It is easy to check that (5.13) amounts to a linear constraintonh,

Ah = 0, (5.17)

whereA is a specific(L−1)×M/2 matrix. For antisymmetric even-length filters,

(5.13) holds automatically whenn = 0.

Now we formulate the design problem into an optimization problem in a

Hilbert spaceRM/2 as follows:

min
h∈RM/2

‖h − hd‖2

subject toAh = 0,

whereA is an(L − 1) × M/2 matrix.

Proposition 5.7 Supposehd is a column vector inRn andA is anm × n matrix

with full row rank. Then the optimization problem

min
h∈Rn

‖h − hd‖2

subject toAh = 0,

has a unique optimal solution given by

h∗ = hd − AT (AAT )−1Ahd. (5.18)

Proof: Let S be the set of{h ∈ Rn : Ah = 0}. Obviously,S is a close

subspace ofRn andS = N(A). By the projection theorem, there exists a unique

solutionh∗ and

h∗ − hd⊥S.

In other words,

h∗ − hd ∈ N(A)⊥.

SinceN(A)⊥ = R(AT ), there exists a vectory in Rm, such that

h∗ − hd = AT y.
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Sinceh∗ belongs toS, we have

AAT y = −Ahd.

SinceA is full row rank,AAT is invertible. Therefore,

y = (AAT )−1Ahd.

This completes the proof.

Two-Dimensional Case

Now we extend the 1-D optimization to the 2-D case. Suppose thatH(z1, z2) is a

2-D FIR linear-phase filter of sizeM1 ×M2. Similar to the 1-D case, assume that

bothM1 andM2 are even.

In the 2-D case, there are two basic types of directional vanishing moments:

horizontal and vertical. A 2-D highpass filterH(z1, z2) is said to haveLth-order

horizonal vanishing moments if it satisfies:

∂nH

∂zn
1

∣∣∣∣
(1,z2)

= 0, for all z2 andn = 0, 1, . . . , L − 1. (5.19)

Similarly, it is said to haveLth-order vertical vanishing moments if it satisfies

∂nH

∂zn
2

∣∣∣∣
(z1,1)

= 0, for all z1 andn = 0, 1, . . . , L − 1. (5.20)

The linear-phase (antisymmetric) condition amounts to

H1(z
−1
1 , z−1

2 ) = −zM1
1 zM2

2 H1(z1, z2). (5.21)

In the time domain, it leads to

h(M1 + 1 − i,M2 + 1 − j) = −h(i, j), (5.22)

for i = 0, 1, . . . ,M1 − 1 andj = 0, 1, . . . ,M2 − 1.
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Considering (5.21), the ideal highpass filter is

Hd(w1, w2) =

{
e−jw1M1/2−jw2M2/2+jπ/2, for |w1| > wc1 and|w2| > wc2 ,

0, Otherwise.

(5.23)

It can be checked thathd(n1, n2) satisfies (5.22). For convenience, we introduce

two vectors forh(n) andhd(n), respectively:

h
def
= [h(0, 0), h(0, 1), . . . , h(0,M2 − 1),

h(1, 0), h(1, 1), . . . , h(1,M2 − 1),

. . . ,

h(M1/2 − 1, 0), h(M1/2 − 1, 1), . . . , h(M1/2 − 1,M2 − 1)]T ,

hd
def
= [hd(0, 0), hd(0, 1), . . . , hd(0,M2 − 1),

hd(1, 0), hd(1, 1), . . . , hd(1,M2 − 1),

. . . ,

hd(M1/2 − 1, 0), hd(M1/2 − 1, 1), . . . , hd(M1/2 − 1,M2 − 1)]T .

It is easy to check that (5.19) and (5.20) can be expressed as

Ah = 0,

whereA is an(L1M2 + L2M1) × (M1M2/2) matrix. If A is not full row rank,

we use a submatrix with maximal number of independent rows. Without loss of

generality, we assumeA is full row rank.

Now we formulate the design problem into an optimization problem in a

Hilbert spaceRM1M2/2 as follows:

min
h∈RM1M2/2

‖h − hd‖2

subject toAh = 0,

whereA is an (L1M2 + L2M1) × (M1M2/2) matrix with full row rank. By

Proposition 5.7, there exists a unique optimal solution given by

h∗ = hd − AT (AAT )−1Ahd. (5.24)
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Separation Principle

We obtained an optimal solution for the 2-D filter by (5.24). However, this solu-

tion is generally nonseparable and difficult to compute, especially for the numer-

ical solutions. Separable filters are much easier to implement than nonseparable

ones. In the following, we discuss when the optimal solutionis separable.

We first point out a possible separable solution under the constraint of (5.19),

(5.20), and (5.21). For example, assume thatHz1(z1) is antisymmetric with length

M1 satisfying (5.19), andHz2(z2) is antisymmetric with lengthM2 satisfying

(5.20). Then the product filterH(z1, z2) = Hz1(z1)Hz2(z2) is a separable so-

lution since it satisfies (5.19), (5.20), and (5.21). However, generally it is not an

optimal solution.

In the following, we show that under some condition on the constraints the

optimal solution is a separable solution. Moreover, we can construct this separable

solution by solving two separable 1-D optimization problems. We first work on

the finite-dimensional time domain in the context of matrix,then return to the

frequency domain in the context of filter design problem. Before tackling this

problem, some notations and definitions are in order. Suppose H to be the time

domain matrix of an FIR filterH(z1, z2), with sizeM1 × M2.

Definition 5.4 SupposeX1 andX2 are two normed linear spaces andX1 × X2

is also a normed linear space. Then a functionalf(x1, x2) onX1 × X2 is said to

be separable, if there exist two functionalsf1(x1), f2(x2) defined onX1 andX2,

respectively, such thatf(x1, x2) = f1(x1)f2(x2).

By this definition, a 2-D filter is separable if it can be writtenas a product of

two 1-D filters. Obviously,Hd(z1, z2) defined in (5.23) is a separable filter. How

about the matrixH in the time domain? It is easy to verify that it can be written as

the inner product of two column vectors. Thus, we have the following definition:

Definition 5.5 Anm×n matrixW is separable if it can be decomposed asW =

w1w
T
2 , wherew1 andw2 are two column vectors.

It can be verified that a matrix is separable if and only if its rank equals1.

Definition 5.6 A linear constraint on a 2-D function is separable if it depends on

only one variable.
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Obviously, (5.19) and (5.20) are separable constraints, while (5.21) is not. For

a separable constraint, the corresponding matrices formulation can be written as

HA1 = 0,

HTA2 = 0.

Denote the linear space of allM1 × M2 matrices byM. The inner product of

two matricesW1 andW2 in M is defined as

〈W1,W2〉 = tr W1W
T
2 .

It can be verified that this definition is really an inner product onM. Actually, it is

a natural extension of the Euclidean inner product onRM1M2. The induced norm

for a matrix is just the Frobenius norm, i.e.,

‖W‖F =
∑

i,j

w2
i,j.

Theorem 5.4 SupposeHd is anM1×M2 separable matrix with a decomposition

Hd = h1dh
T
2d. The optimal solution of

min
H∈M

‖H − Hd‖2

Subject to

{
HA1 = 0

HTA2 = 0
(5.25)

can be written as

H∗ = h∗
1h

∗T
2 ,

whereh∗
1 is the optimal solution of

min
h1∈RM1

‖h − hd1‖2

Subject toAT
2 h1 = 0,

andh∗
2 is the optimal solution of

min
h2∈RM2

‖h − hd2‖2

Subject toAT
1 h2 = 0,
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Proof: Obviously,M is a Hilbert space. LetS be the set of matrices satis-

fying (5.25). ThenS is a closed subspace ofM. By the projection theorem, there

exists a unique optimal solution,H∗ ∈ S, and

H∗ − Hd ⊥S. (5.26)

We need only verify thath∗
1h

∗T
2 satisfies both (5.25) and (5.26). SinceAT

2 h∗
1 =

AT
1 h∗

2 = 0, h∗
1h

∗T
2 satisfies (5.25). Now we need verify that

〈h∗
1h

∗T
2 − Hd, H〉 = 0, for anyH ∈ S.

In other words,

tr h∗
1h

∗T
2 HT = tr HdH

T .

Here we assume that bothA1 andA2 are full column rank. Otherwise, we re-

place it by its submatrix comprising the maximal number of independent columns,

and we have a similar proof. By (5.18), we have

h∗
1 = h1d − A2(A

T
2 A2)

−1AT
2 h1d,

h∗
2 = h2d − A1(A

T
1 A1)

−1AT
1 h2d.

After some manipulation, we have

tr h∗
1h

∗T
2 HT = tr

(
I − A2(A

T
2 A2)

−1AT
2

)
h1dh

T
2d

(
I − A1(A

T
1 A1)

−1AT
1

)
HT

(1)
= tr

(
I − A2(A

T
2 A2)

−1AT
2

)
h1dh

T
2dH

T

(2)
= tr HT

(
I − A2(A

T
2 A2)

−1AT
2

)
h1dh

T
2d

(3)
= tr HT h1dh

T
2d

(4)
= tr h1dh

T
2dH

T ,

where (1) follows fromHA1 = 0, (3) follows fromHTA2 = 0, and (2) and (4)

follow from

tr W1W
T
2 = tr WT

2 W1, for anyW1,W2 ∈ M.

This completes the proof.

By Theorem 5.4, if both the optimization goal and constraintsare separable,
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then the optimal solution is separable. We showed this for the 2-D case only. How-

ever, it can be used for the general MD case by sequentially breaking[z1, . . . , zM ]

into two variables.

In our 2-D filter design problem, the optimization goalHd(z1, z2) is separa-

ble. For the constraints, (5.19) and (5.20) are separable. Therefore, the optimal

solution for‖H(z1, z2) − Hd(z1, z2)‖2 under these two constraints is separable.

Neither (5.21) nor (5.22) is separable. Therefore, we couldnot guarantee that the

optimal solution is separable. However, if we change (5.21)to the more strict

H1(z
−1
1 , z2) = −zM1

1 H1(z1, z2),

H1(z1, z
−1
2 ) = −zM2

2 H1(z1, z2),

then the optimal solution is separable and can be computed bythe optimal solu-

tions of two independent 1-D optimization problems. For theoriginal 2-D design

problem, it provides a suboptimal solution. However, if a 2-D filter satisfies this

separable symmetry condition, it provides better performance in image processing

applications than a filter satisfying (5.21).

5.4.3 Two-channel design

Two-channel nonsubsampled FIR filter banks (NFFBs) are the simplest FIR filter

banks. They are used to build complex systems, such as nonsubsampled pyramids

and nonsubsampled directional filter banks (see Chapter 7). Due to the small

number of filters, the characterization of two-channel synthesis filters in Proposi-

tion 5.4 is much simpler than the general case given in Theorem 5.3. However, the

design of two-channel NFFBs is more challenging than cases with more channels,

since two-channel analysis NFFBs are much less likely to be FIR invertible. By

Proposition 5.6, only the 1-D two-channel analysis NFFB is almost surely FIR in-

vertible. The MD two-channel analysis NFFB is almost surelynot FIR invertible.

We can use the mapping approach to generate MD two-channel NFFB from 1-

D two-channel NFFB. For this two-channel case, we can simplify Algorithm 5.3

as follows.

Algorithm 5.4 The design algorithm for a multidimensional two-channel non-

subsampled FIR filter bank is given as follows.

Input: Specifications on the frequency responses ofH1(z), H2(z), G1(z), and

G2(z).
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Output: A multidimensional two-channel nonsubsampled FIR filter bank.

1. Design two coprime 1-D polynomial filtersH1(z) andH2(z).

2. Compute the synthesis polynomial filtersG1(z) andG2(z) by the Euclidean

algorithm.

3. Design a multidimensional FIR mapping functionF (z).

4. Simplify and outputH1(F (z)), H2(F (z)), G1(F (z)), andG2(F (z)).

In the rest of this subsection, we study some design issues related to two-

channel NFFB, including directional vanishing moments and filter separability.

Directional Vanishing Moments

Directional vanishing moments (DVM) are required in the design of directional

filter banks, the contourlet transform, and the nonsubsampled contourlet trans-

form (see Chapter 7). For the 2-D case, there are two basic types of DVM: One

is horizontal DVM, which requires the filter to have a factorz1 − 1; the other is

vertical DVM, which requires the filter to have a factorz2 − 1. One desirable con-

figuration is that one filter has horizontal DVM, and the otherhas vertical DVM.

However, such filter banks do not exist in terms of the following proposition.

Proposition 5.8 Suppose an FIR filterH1(z) has a factorz1 − a1, a1 6= 0, and

another FIR filterH2(z) has a factorz2 − a2, a2 6= 0. Then{H1(z), H2(z)} is

notFIR invertible.

Proof: Obviously, z∗ = [a1, a2, 1, . . . , 1] is a solution of the system of

equations

{
H1(z) = 0

H2(z) = 0
.

Sincez∗ is not weak-zero, by Theorem 5.1,{H1(z), H2(z)} is notFIR invertible.

By Proposition 5.8, we cannot impose two types of DVM to both analysis

filters simultaneously. Now we consider imposing one type ofDVM on one filter.
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Proposition 5.9 SupposeH1(z), H2(z) are two FIR filters andH1(z) can be fac-

tored asH1(z) = (z1 − a)nR1(z), a 6= 0, n ∈ Z+. Then{H1(z), H2(z)} is

FIR invertibleif and only if {R1(z), H2(z)} is FIR invertible andH2(z) can be

written as

H2(z) = (z1 − a)R2(z) + czk, (5.27)

wherec is a nonzero constant,k is a multidimensional integer, andR2(z) is an

FIR filter.

Proof: For sufficiency, consider the common roots ofH1(z) andH2(z). If

H1(z) = 0, then

z1 = a or R1(z) = 0.

Whenz1 = a, H2(z) = czk, which implies the solutions are weak-zero. When

R1(z) = 0, the common zeros are also weak-zero since{R1(z), H2(z)} is FIR

invertible. By Theorem 5.1,{H1(z), H2(z)} is also FIR invertible.

For necessity, by Theorem 5.1, the solutions of

{
H1(z) = 0

H2(z) = 0

are weak-zero. Using the factorization ofH1(z), we have that both the solutions

of
{

z1 − a = 0

H2(z) = 0
(5.28)

and the solutions of
{

R1(z) = 0

H2(z) = 0
(5.29)

are weak-zero. By (5.28), all roots ofH2(a, z2, . . . , zM) are weak-zero. It means

thatH2(a, z2, . . . , zM) is a monomial, which leads to (5.27). By (5.29),

{R1(z), H2(z)} is also FIR invertible.

Proposition 5.9 gives the structure of two-channel NFFB with DVM. One ob-

servation of (5.27) is thatH2(z) cannot equal zero whenz1 = a. Therefore, we

cannot impose one type of DVM on both analysis filters simultaneously either.

However, it is possible to impose two types of DVM on one analysis filter as
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shown in the following proposition.

Proposition 5.10 SupposeH1(z), H2(z) are two FIR filters andH1(z) can be

factored asH1(z) = (z1 − a1)
n1(z2 − a2)

n2R1(z), a1 6= 0, a2 6= 0, n1 ∈
Z+, n2 ∈ Z+. Then{H1(z), H2(z)} is FIR invertibleif and only if{R1(z), H2(z)}
is FIR invertible andH2(z) can be written as

H2(z) = (z1 − a1)(z2 − a2)R2(z) + czk, (5.30)

wherec is a nonzero constant,k is a multidimensional integer, andR2(z) is an

FIR filter.

Proof: For sufficiency, consider the common roots ofH1(z) andH2(z). If

H1(z) = 0, then

z1 = a1 or z2 = a2 or R1(z) = 0.

Whenz1 = a1 or z2 = a2, H2(z) = czk, which implies the solutions are weak-

zero. WhenR1(z) = 0, the common zeros are also weak-zero since{R1(z), H2(z)}
is FIR invertible. By Theorem 5.1,{H1(z), H2(z)} is also FIR invertible.

For necessity, by Theorem 5.1, the solutions of

{
H1(z) = 0

H2(z) = 0

are weak-zero. Using the factorization ofH1(z), we have that the solutions of

{
z1 − a1 = 0

H2(z) = 0
, (5.31)

the solutions of
{

z2 − a2 = 0

H2(z) = 0
, (5.32)

and the solutions of
{

R1(z) = 0

H2(z) = 0
(5.33)
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are weak-zero. By (5.31), all roots ofH2(a1, z2, . . . , zM) are weak-zero. It means

thatH2(a1, z2, . . . , zM) is a monomial. Similarly by (5.32), all roots of

H2(z1, a2, z3, . . . , zM) are weak-zero and thusH2(z1, a2, z3, . . . , zM) is a mono-

mial. Combining these two constraints, we have (5.30). Therefore, by (5.33),

{R1(z), H2(z)} is also FIR invertible.

Separable Filters

Separable filters are easy to implement. In the following, weconsider the possi-

bility of separable analysis filters. For convenience, we define the reduced part of

a filter first.

Definition 5.7 (adapted from [99], p. 45) Suppose a one-dimensional FIR filter

H(z) has the following decomposition:

H(z) = c(z − a1)
r1 · · · (z − al)

rl ,

wherea1, . . . , al ∈ C are distinct andc ∈ C−{0}. Then its reduced part is defined

as

Hred(z) = c(z − a1) · · · (z − al).

Note thatH(z) andHred(z) have the same roots, but their multiplicities may

differ. In particular, all roots ofHred(z) have multiplicity one. Factoring an FIR

filter is usually difficult. To avoid factorization, we can computeHred(z) by

([99] p. 46)

Hred(z) =
H

GCD(H,H ′)
,

whereH ′(z) is the first-order derivative ofH(z).

Definition 5.8 AnM -dimensional FIR filterH(z) is said to be separable if it can

be written as

H(z) =
M∏

i=1

Hi(zi),

whereHi(zi) is a one-dimensional FIR filter, and it is not a constant or monomial.

Now we can define the reduced part of a multidimensional separable FIR filter.

Definition 5.9 Suppose anM -dimensional separable FIR filterH(z) has the fol-

114



lowing decomposition:

H(z) =
M∏

i=1

Hi(zi).

Then its reduced part is defined as

Hred(z) =
M∏

i=1

Hred
i (zi).

Theorem 5.5 SupposeH1(z), H2(z) are two FIR filters andH1(z) is a sepa-

rable filter. Then{H1(z), H2(z)} is FIR invertibleif and only if H2(z) can be

written asH2(z) = Hred
1 (z)R(z) + czk, wherec is a nonzero constant,k is a

multidimensional integer, andR(z) is an FIR filter.

Proof: SupposeH1(z) has the following decomposition:

H1(z) =
M∏

i=1

Fi(zi).

For sufficiency, consider the common roots ofH1(z) andH2(z). If H1(z) =

0, then for somei, 1 ≤ i ≤ M , Fi(zi) = 0 and thusF red
i (zi) = 0. Therefore, if

H1(z) = 0, then

Hred
1 (z) =

M∏

i=1

F red
i (zi) = 0,

which leads toH2(z) = czk. Therefore, the common roots are weak-zero and by

Theorem 5.1,{H1(z), H2(z)} is FIR invertible..

For necessity, by Theorem 5.1, the solutions of

{
H1(z) = 0

H2(z) = 0

are weak-zero. Using the factorization ofH1(z), we have that the solutions of

{
Fi(zi) = 0

H2(z) = 0

are weak-zero for alli, 1 ≤ i ≤ M . SupposeF1(z1) has the following decompo-

sition:

F1(z1) = c(z1 − a1)
r1 · · · (z1 − al)

rl .
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Then the solutions of
{

z1 − aj = 0

H2(z) = 0

are weak-zero for allj, 1 ≤ j ≤ l. It means thatH2(aj, z2, . . . , zM) are monomi-

als for allj. Therefore,H2(z) can be written as

H2(z) = (z1 − a1) · · · (z1 − al)R1(z) + c1z
k1

= F red
1 (z1)R1(z) + c1z

k1 .

Similarly, H2(z) can be written as

H2(z) = F red
i (z)Ri(z) + ciz

ki , for 1 ≤ i ≤ M.

Combining them together, we have

H2(z) =
( M∏

i=1

F red
i (zi)

)
R(z) + czk

= Hred
1 (z)R(z) + czk.

Nonseparable Filters

We can use the mapping approach given in Algorithm 5.4 to design nonseparable

analysis filters for two-channel NFFB. We conjecture that except for the mapping

approach, the MD two-channel nonseparable analysis filterscan only be classified

into two trivial cases.

Conjecture 5.1 SupposeH1(z) andH2(z) are two nonseparable FIR filters. If

{H1(z), H2(z)} is FIR invertible, then it satisfies one of the following threecon-

ditions:

1. There exist an FIR mapping functionF (z) and two coprime polynomials

P1(z) andP2(z) such thatH1(z) = P1(F (z)), H2(z) = P2(F (z)).

2. H2(z) = H1(z)R1(z) + c1z
k1, whereR1(z) is an arbitrary FIR filter,c1 is

a nonzero constant, andk1 is a multidimensional integer.
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3. H1(z) = H2(z)R2(z) + c2z
k2, whereR2(z) is an arbitrary FIR filter,c2 is

a nonzero constant, andk2 is a multidimensional integer.

5.5 Multidimensional Oversampled FIR Filter

Banks

5.5.1 Oversampled filter bank characterization

In this section, we extend the results of MD nonsubsampled FIR filter banks to

oversampled ones. As mentioned in Section 5.1, the perfect reconstruction con-

dition for oversampled filter banks is equivalent to an FIR matrix inverse in the

polyphase domain.

Definition 5.10 An N × P multivariate polynomial matrixH(z) is said to be

polynomial invertibleif there exists anP × N multivariate polynomial matrix

G(z) such thatG(z)H(z) = I.

Definition 5.11 AnN ×P multivariate FIR matrixH(z) is said to beFIR invert-

ible if there exists anP×N multivariate FIR matrixG(z) such thatG(z)H(z) =

I.

The polynomial invertibility problem has been studied in [106,107].

Proposition 5.11 ([107]) AnN×P multivariate polynomial matrixH(z) is poly-

nomial invertibleif and only if

1. N ≥ P ;

2. the set ofP × P minors ofH(z) is polynomial invertible.

The following theorem extends Proposition 5.11 to the general FIR case.

Theorem 5.6 An N × P multivariate FIR matrixH(z) is FIR invertibleif and

only if

1. N ≥ P ;

2. the set ofP × P minors ofH(z) is FIR invertible.
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Proof: This proof extends [107] for the polynomial case to the FIR case.

For sufficiency, suppose{Hi} areP × P submatrices ofH(z) and{Di} are

their determinants. The total number of{Hi} is CN
P = N !/

(
P !(N − P )!

)
.

Since the set{D1, . . . , DCN
P
} is FIR invertible, there exists a set of FIR filters

{G1(z), . . . , GCN
P

(z)} such that

CN
P∑

i=1

GiDi = 1. (5.34)

By Cramer’s rule [54],

adj(Hi)Hi = DiI, (5.35)

where adj(Hi) is the adjugate ofHi, which is aP × P FIR matrix. LetGi be the

P × N matrix extended from adj(Hi) by adding zero columns corresponding to

those rows inH which are not inHi. Then by (5.35)

GiH = DiI. (5.36)

Let G be

G =

CN
P∑

i=1

(GiGi).

Combining (5.34) and (5.36), we have

GH =

CN
P∑

i=1

(GiGi)H =

CN
P∑

i=1

GiDiI = I, (5.37)

which means thatG is an FIR inverse ofH.

For necessity, supposeG(z) is a polynomial matrix satisfying (5.3). Then

G(z)
(
z−mH(z)

)
= I. (5.38)

Now suppose the set ofP × P minors ofH(z) is not FIR invertible. By Theo-

rem 5.1, there exists a vectorz0, which is not weak-zero and satisfies

Di(z0) = 0, for all 1 ≤ i ≤ CN
P .

Sincez0 is not weak-zero,z−m

0 is well defined. Since allP × P minors of

z−m

0 H(z0) equal zero, the rank ofz−m

0 H(zo) is less thanP [54]. Therefore, its
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left inverseG(z0) does not exist, which contradicts (5.38).

We can compute an FIR left inverse of an FIR matrix using the constructive

proof of Theorem 5.6.

Algorithm 5.5 The computational algorithm for a left inverse of an FIR matrix

is given as follows.

Input: anN × P multivariate FIR matrixH(z) with N ≥ P .

Output: an FIR left inverse ofH(z).

1. Extract allP × P submatrices ofH(z), totally CN
P , denoted by{Hi(z)}.

2. For eachi, compute the determinant ofHi(z), denoted byDi(z).

3. Use Algorithm 5.2 to compute a set of FIR synthesis filters for {Di(z)},

denoted by{G1(z), . . . , GCN
P

(z)}.

4. For eachi, compute the adjugate of theHi(z). Let Gi(z) be theP × N

matrix extended from adj(Hi) by adding zero columns corresponding to

those rows inH(z) which are not inHi(z).

5. ComputeG(z) =
∑CN

P
i=1(GiGi) and outputG(z).

We extend the characterization in Theorem 5.3 to the multiple-input case. The

proof is similar.

Theorem 5.7 SupposeH(z) is a given FIR matrix andGp(z) is an FIR left in-

verse ofH(z). ThenG(z) is also an FIR left inverse ofH(z) if and only if G(z)

can be written as

G(z) = Gp(z) + S(z)
(
I − H(z)Gp(z)

)
,

whereS(z) is an arbitrary FIR matrix.

5.5.2 Oversampled filter bank design

Designing oversampled FIR filter banks is more difficult thandesigning nonsub-

sampled filter banks. We design an oversampled filter bank in two steps. We first

design the analysis polyphase matrix where the number of rows is bigger than the

number of columns. If it is FIR invertible, then we compute a synthesis polyphase

matrix using Algorithm 5.5. Moreover, we can use Theorem 5.7to characterize
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all synthesis polyphase matrices with a free FIR matrix. We can optimize the

polyphase synthesis matrix by optimizing this free matrix.

We can use Theorem 5.6 to test whether an FIR analysis polyphase matrix

is FIR invertible. Similar to the nonsubsampled case, one important question

is how likely an FIR matrix is FIR invertible. Rajagopal and Potter studied the

polynomial case in [107].

Corollary 6 in [107] : SupposeH(z) is an N × P M -variate polynomial

matrix withN > P . If CN
P > M , then it is almost surely polynomial invertible.

Otherwise, it is almost surely not polynomial invertible.

Unfortunately, Corollary 6 in [107] isnot correct. Intuitively, if we add more

columns to a matrix, it is more likely that the matrix is not left invertible. However,

by Corollary 6 in [107], the invertibility of a matrix dependson the number of its

maximal minors,CN
P . If we fix N and increaseP , thenCN

P will first increase and

then decrease. In the following, we prove that Corollary 6 in [107] is incorrect.

Disproof of Corollary 6 in [107]: LetH(z) be anN×2 N -variate polynomial

matrix with N > 3. According to Corollary 6 in [107],H(z) is almost surely

invertible sinceCN
2 > N . Therefore, there exists a2 × N polynomial matrix

G(z), such that

G(z)H(z) =

(
1 0

0 1

)
.

Now let H1(z) be the first column ofH(z) andG1(z) be the first row ofG(z).

Then

G1(z)H1(z) = 1,

which implies thatH1(z) is polynomial invertible. SinceH(z) can be generated

randomly,H1(z) is almost surely polynomial invertible. However, by Corollary

6 in [107], anN × 1 N -variate matrixH1(z) is almost surely not polynomial

invertible, which leads to contradiction.

Using computer algebra software, we generate many FIR matrices randomly

and test their invertibility. Based on simulations and intuition from linear algebra,

we have the following conjectures.

Conjecture 5.2 SupposeH(z) is anN × P M -variate polynomial matrix with

N ≥ P . If N −P ≥ M , then it is almost surely polynomial invertible. Otherwise,

it is almost surely not polynomial invertible.

We easily extend Conjecture 5.2 to the FIR case.
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Conjecture 5.3 SupposeH(z) is anN × P M -variate FIR matrix withN ≥ P .

If N − P ≥ M , then it is almost surely FIR invertible Otherwise, it is almost

surely not FIR invertible.

Currently, we cannot prove this conjecture rigorously. For special cases, we

can verify that Conjecture 5.3 is correct. For example, whenP = 1, Conjec-

ture 5.3 becomes Proposition 5.6; whenM = 0 or N = P , Conjecture 5.3 is also

true.

Based on Conjecture 5.3, if the difference between the number of rows and

columns is equal to or larger than the number of dimensions, then the design

is simple. We first design the analysis polyphase matrix freely and then design

the synthesis polyphase matrix based on the complete characterization. If the

difference is smaller than the number of dimensions, the design is difficult since

the analysis polyphase matrix is almost surely not FIR invertible. Similar to the

nonsubsampled case, we use the mapping approach to solve this problem. The

key observation is that the perfect reconstruction condition (5.1) still holds after

replacingz by an FIR vector in other variables ifH(z) andG(z) are polynomial

matrices inz. We summarize this design method in the following algorithm.

Algorithm 5.6 The design algorithm for anN × P oversampled FIR filter bank

whereN − P is smaller than the number of dimensions is given as follows.

Input: Specifications on the polyphase matrices.

Output: An oversampled FIR filter bank.

1. Lety be an(N − P )-dimensional variable. Design an analysis polyphase

matrixH(y) satisfying the given specifications.

2. Use Algorithm 5.5 to compute a synthesis polyphase matrix.

3. Use Theorem 5.7 to find the complete characterization of all synthesis polyphase

matricesG(y).

4. DesignN − P FIR mapping functionsF (z) = [F1(z), . . . , FN−P (z)].

5. OptimizeG(F (z)) according to the given specifications.

6. Simplify and outputH(F (z)) andG(F (z)).

121



5.6 Conclusion

We propose a framework for multidimensional oversampled FIR filter banks us-

ing algebraic geometry and Gröbner bases. The perfect reconstruction condition

for multidimensional oversampled FIR filter banks leads to an FIR matrix inverse

problem. We map the FIR inverse problem into a polynomial oneby simply in-

troducing a new variable. Using algebraic geometry, we propose a sufficient and

necessary condition for the existence of FIR left inverses.Then we present simple

algorithms based on Gröbner bases to test the existence and compute a left FIR in-

verse with either minimal order or minimal number of nonzerocoefficients. These

algorithms do not require the prior information on the degree of synthesis filters

or synthesis polyphase matrix. Moreover, we characterize all FIR left inverses.

We investigate the design methods for both nonsubsampled and oversampled FIR

filter banks.
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CHAPTER 6

MULTIDIMENSIONAL
MULTICHANNEL FIR
DECONVOLUTION

6.1 Introduction

The traditional single-channel deconvolution problem is well-studied [108, 109].

In general, this problem is ill-posed since the convolutionoutput does not contain

information at frequencies corresponding to the zeros of the convolution filter.

Over the last decade, multichannel convolution formation has become feasible

and common due to the lower cost of sensors and computing units. The the-

ory and applications of multichannel deconvolution have grown rapidly, such as

general deconvolution theory [110–112], channel equalization for multiple an-

tennas [113], multichannel image deconvolution [105,114–117], and polarimetric

calibration of radars [96]. Figure 6.1 shows the multichannel deconvolution setup,

where the original signal is filtered by multiple convolution filters with possible

additive noise. The goal is to reconstruct the original signal from the multiple

filtered signals using a set of deconvolution filters.

Harikumar and Bresler considered the multichannel one-dimensional (1-D)

and two-dimensional (2-D) exact deconvolution problem where both convolution

and deconvolution filters are finite impulse response (FIR), and the reconstruction

signal equals the original signal in the absence of additivenoise [104, 105, 118].

Such FIR exact deconvolution is more computationally efficient than traditional

least-square solutions. Moreover, FIR deconvolution filters limit the noise prop-

This chapter includes research conducted jointly with MinhN. Do [81,82].
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Figure 6.1: AnN -channel deconvolution. The original signalX is filtered byN
convolution filters{H1, . . . , HN} with possible additive noise. The reconstruc-
tion signalX̂ is the sum of the outputs byN deconvolution filters{G1, . . . , GN}
applied to the respectiveN inputs{Y1, . . . , YN}.

agation, which is desirable in an impulsive noise environment. They proposed

an algorithm based on linear algebra to compute the deconvolution filters that

requires knowledge of the support of the filters. However, this information is un-

available in most applications. Although they provided some estimates on the

support for 1-D and 2-D cases, generalizing their estimation procedure to other

cases is difficult.

Rajagopal and Potter recently applied algebraic geometry tocompute equal-

izers without the prior knowledge of the support of the deconvolution filters [96].

However, the filters they considered are only polynomial or causal filters, while

the filters we consider here are general FIR filters. General FIR filters are more

flexible and are used in many deconvolution applications; for example, FIR filters

used in image deconvolution are typically not causal. To apply algebraic geom-

etry, we need to convert the FIR representation into a polynomial representation.

One direct way to convert an FIR filter into a polynomial is multiplying the FIR

filter with a monomial with high enough degree (equivalent toshifting the origin

so that the filter is causal). However, this approach needs the prior information of

the support of the synthesis filters. Park et al. proposed an algorithm transforming

the FIR problem into a polynomial one [98]. However, this algorithm involves

complex transformation matrices.

In this chapter, we propose a new approach for the general multidimensional

multichannel FIR deconvolution problem using algebraic geometry. We formu-

lated the multichannel FIR deconvolution problem into a nonsubsampled filter

bank. The exact deconvolution is equivalent to the perfect reconstruction of non-

subsampled filter banks. Using the techniques in Section 5.3, we map the FIR de-
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convolution problem into a polynomial one by simply introducing a new variable.

Then we propose existence conditions of FIR deconvolution filters and simple al-

gorithms to compute deconvolution filters based on Gröbner bases. The rest of the

chapter is organized as follows. In Section 6.2, we formulate the FIR exact de-

convolution problem into a perfect reconstruction nonsubsampled filter bank. In

Section 6.3, we discuss the optimization of deconvolution filters. The simulation

results under different noise settings are given in Section6.4, and conclusions are

given in Section 6.5.

6.2 Multichannel FIR Deconvolution Using

Gröbner Bases

6.2.1 Problem formulation

We are interested inexact deconvolution, which requires that the reconstruction

signal X̂ equals the original signalX when there is no noise. We denote the

convolution filters by{H1, . . . , HN} and deconvolution filters by{G1, . . . , GN}
as shown in Fig. 6.1. Without noise, the reconstruction signal in Fig. 6.1 can be

computed as

X̂(z) =
N∑

i=1

Yi(z)Gi(z) =
N∑

i=1

X(z)Hi(z)Gi(z).

Therefore, the exact deconvolution condition is equivalent to

N∑

i=1

Hi(z)Gi(z) = 1, (6.1)

which is the same as (5.2). Therefore, the exact deconvolution condition is equiv-

alent to the perfect reconstruction condition for nonsubsampled filter banks.

We directly derive existence conditions for FIR deconvolution filters from

Theorem 5.1 and Theorem 5.2:

Theorem 6.1 Suppose{H1(z), . . . , HN(z)} is a set of multivariate polynomial

convolution filters. Then there exists a set of FIR deconvolution filters if and only
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if every solution of the system of equations

{H1(z) = 0, . . . , HN(z) = 0}

is weak-zero.

Theorem 6.2 Suppose{H1(z), . . . , HN(z)} is a set of multivariate polynomial

convolution filters. Then there exists a set of FIR deconvolution filtersif and only if

the reduced Gr̈obner basis of{H1(z), . . . , HN(z), 1− z1 · · · zM+1} is {1}, where

z = [z1, . . . , zM ], andzM+1 is a new variable.

From Algorithm 5.2, we directly derive an algorithm to compute a set of FIR

deconvolution filters:

Algorithm 6.1 The test and computational algorithm for a set of FIR deconvolu-

tion filters is given as follows.

Input: a set ofM -variate FIR convolution filters{H1(z), . . . , HN(z)}.

Output: a set of FIR deconvolution filters, if it exists.

1. Multiply{Hi(z)} by a common monomialzm0 such that{Hi(z)} are poly-

nomials.

2. Use Buchberger’s algorithm [99] to compute the reduced Gröbner basis of

{H1(z), . . . , HN(z), 1 − z1 · · · zM+1} and the associated transform matrix

{Wi,j(z, zM+1)} as defined in (5.5).

3. If the reduced Gr̈obner basis is{1}, then simplify

G = {W1,1(z, z−1
1 · · · z−1

M ), . . . ,W1,N(z, z−1
1 · · · z−1

M )}

and outputz−m0G. Otherwise, there is no solution.

We directly derive the characterization of all sets of FIR deconvolution filters

from Theorem 5.3:

Theorem 6.3 SupposeH(z) is a given vector of FIR convolution filters andGp(z)

is a vector of FIR deconvolution filters satisfying (6.1). Then a vector of synthesis

filtersG(z) also satisfies (6.1)if and only if G(z) can be written as

G(z) = Gp(z) +
(
I − Gp(z)HT (z)

)
S(z), (6.2)
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whereS(z) is an arbitrary column vector of lengthN . G(z) is FIR if and only if

S(z) is FIR.

6.2.2 Complexity and numerical stability

The main difficulty with Algorithm 5.2 is computing Gröbner bases. The com-

putational complexity of Gr̈obner bases has been studied in the literature, for ex-

ample in [119] and ([120] Chapter 3). Detailed complexity analysis is beyond the

scope of this chapter. Experimental results show that computing Gröbner bases

is very fast (less than 2 seconds) in practical deconvolution problems with three

filters of size less than36.

Original Gr̈obner basis computation is only suitable for polynomials with ra-

tional coefficients. However, in many signal processing applications, we do not

have accurate estimates of the polynomials. Therefore, numerical implementa-

tion is necessary and numerical stability is important. These issues have received

a lot of attention recently in both algebraic and numerical analysis communi-

ties [121–123]. Some computer algebra software, such asSingular, has incor-

porated these new results and provided numerical computation of Gr̈obner bases.

Both numerical implementation and stability analysis are beyond the scope of this

chapter. Experimental results show that numerical computation is usually very

stable. Here we show one example.

Example 6.1 Let H1(z1, z2) = 2z1z2 + z2 + 1, H2(z1, z2) = z1 + z2 + 1, and

H3(z1, z2) = z2
1 − 2. The reduced Gr̈obner basis of{H1, H2, H3, 1 − z1z2z3} is

{1} and the transform matrix is[1/2z2 − 3/2,−z1z2 +5/2z1 − 1/2z2 +5/2, z2 −
5/2, 0]. Now let H ′

3(z1, z2) = z2
1 − 2.0001. Then the reduced Gröbner ba-

sis of{H1, H2, H
′
3, 1 − z1z2z3} is {1} and the transform matrix is[0.4998z2 −

1.4996,−0.9996z1z2 + 2.4993z1 − 0.4998z2 + 2.4993, 0.9996z2 − 2.4993, 0].

6.3 Optimization of FIR Deconvolution Filters

The set of exact deconvolution FIR filters is not unique for a given set of FIR

convolution filters. Given some design criterion, we can optimize the set of de-

convolution filters. One practical criterion for optimal FIR deconvolution filters

is the minimal order of the filters or the minimum number of nonzero coefficients

of filters. This criterion not only leads to efficient computation for deconvolution,

127



but also minimizes the spreading of noise when the filtered signals are contam-

inated by impulsive noise. Such a set of deconvolution filters can be found by

Algorithm 6.1.

Another situation is when the convolution outputs are corrupted by indepen-

dent additive noise, that is,

Yi(e
jω) = X(ejω)Hi(e

jω) + Ni(e
jω). (6.3)

For simplicity, we further assume that each additive noise is white noise with zero

mean and power densityσ2.

To compare the performance of deconvolution filters, we compute the recon-

struction errord = x̂−x and evaluate the reconstruction mean-square-error (MSE)

by

MSE =
∑

k∈ZM

E|d(k)|2,

whereE stands for the expectation and| · | stands for the magnitude. By (5.2) and

(6.3), the reconstruction error (in the Fourier domain)D can be computed as

D(ejω) =
N∑

i=1

Gi(e
jω)Ni(e

jω).

Since{Ni} are independent white noises, the power density function ofd is given

by [69]

Φdd(e
jω) = σ2

N∑

i=1

|Gi(e
jω)|2,

and the reconstruction MSE is

MSE =
σ2

(2π)M

∫

[−π,π]M
G̃(ejω)G(ejω) dω, (6.4)

whereG̃ stands for the conjugate transpose ofG.

We consider a space ofN -dimensional filter vectors where each filter isM -

variate and square integrable, and we denote this space byB. Note thatB includes

not only FIR filter vectors, but also IIR filter vectors. We define the inner product
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of two filter vectors to be

〈G1,G2〉 def
=

∫

[−π,π]M
G̃1(e

jω)G2(e
jω) dω, G1,G1 ∈ B,

and its induced norm‖G‖ =
√
〈G,G〉. ThenB is a Hilbert space [124]. There-

fore, the MMSE optimization problem can be formulated as

min
G is FIR

‖G(ejω)‖, such thatHT (z)G(z) = 1. (6.5)

Before solving this problem, we first consider a similar problem:

min
G∈B

‖G(ejω)‖, such thatHT (z)G(z) = 1. (6.6)

The unique optimal solution for (6.6) is the pseudo-inverseof H(z), which is

given by [10]

G†(z) = H(z−1)
( N∑

i=1

Hi(z)Hi(z
−1)

)−1
. (6.7)

In generalG†(z) is IIR with rational entries. Moreover,G†(z) is FIR if and only

if
∑N

i=1 Hi(z)Hi(z
−1) is a monomial [10]. WhenG†(z) is FIR, it is a shifted

version ofH(z−1), which means the support size ofG†(z) is equal to that of

H(z).

Now we return to our original problem (6.5) where only FIR solutions are

considered in the optimization. If
∑N

i=1 Hi(z)Hi(z
−1) is nota monomial, then the

pseudo-inverseG† is IIR and whether an optimal FIR solution exists is not clear.

We can always approximateG† by a vector of FIR filters; however, in general the

approximation FIR filter vector does not satisfy the exact deconvolution condition

(5.2) anymore. Using the complete characterization in Theorem 6.3, we show that

in that case the optimal FIR solution for the exact deconvolution does not exist.

Proposition 6.1 The solution to (6.5) existsif and only if
∑N

i=1 Hi(z)Hi(z
−1) is

a monomial. If the solution exists, then it is unique and given by

H(z−1)/
∑N

i=1 Hi(z)Hi(z
−1).

Proof: SupposeG†(z) given in (6.7) is IIR andGp(z) is an FIR solution

satisfying (5.2). By Theorem 6.3, there exists an IIR vectorS†(z) such that

G†(z) = Gp(z) +
(
I − Gp(z)HT (z)

)
S†(z). (6.8)
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SinceI − Gp(e
jω)HT (ejω) is a linear continuous operator fromB to B, it is

bounded. Then for any FIR vectorS0(ejω),

‖
(
I − Gp(e

jω)HT (ejω)
)
S0(ejω) −

(
I − Gp(e

jω)HT (ejω)
)
S†(ejω)‖

≤‖I − Gp(e
jω)HT (ejω)‖ ‖S0(ejω) − S†(ejω)‖. (6.9)

Since the set of FIR vectors is dense inB [124], the FIR vectorS0 can approximate

the IIR vectorS† with arbitrary accuracy. LetG0(z) be

G0(z) = Gp(z) +
(
I − Gp(z)HT (z)

)
S0(z).

By (6.8) and (6.9),G0 can approximateG† with arbitrary accuracy. By the trian-

gular inequality,

∣∣‖G0(ejω)‖ − ‖G†(ejω)‖
∣∣ ≤ ‖G0(ejω) − G†(ejω)‖,

which means that‖G0‖ can approximate‖G†‖ as close as possible. Since that

‖G†‖ is the unique optimal solution for (6.6),‖G0‖ cannot equal‖G†‖. There-

fore, the optimal solution for (6.5) does not exist.

The second part follows from (6.7).

By Proposition 6.1, the general optimal FIR solution for (6.5) doesnot exist

if
∑N

i=1 Hi(z)Hi(z
−1) is not a monomial. However, if we restrict the support of

the deconvolution filters, then the optimal solution exists. If we know the support

of {Gi(z)}, then we can solve the problem using the linear algebra approach as

shown in [105]. However, in general we do not know the supportof {Gi(z)}. We

can always estimate the support, but this estimate is generally large. Theorem 6.3

characterizes all FIR deconvolution filters with a particular set of deconvolution

FIR filtersGp(z) and a free FIR vectorS(z). Algorithm 5.2 can compute a set

of FIR deconvolution filters with either minimum order or minimal number of

nonzero coefficients. If we use this particular set asGp(z) and restrict the support

of S(z), then the we can find an optimal solution that minimizes the mean square

error. Moreover, the support of the optimal solution will beclose to that ofGp(z)

in terms of (6.2).

Suppose the support of{Si(z)} is P andSi(z) is parameterized as

Si(z) =
∑

k∈P

ai,kzk, for i = 1, . . . , N, (6.10)
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and the total number of the parameters, denoted byL, is equal to the size ofP

multiplied byN . Then the deconvolution FIR filter vectorG(z) given in (6.2) can

be completely parameterized by{ai,k}, and nonzero{gi(k)} are linear functions

of {ai,k}. The goal is to minimize MSE as given in (6.4). By Parseval’s theorem

[69], MSE equals

MSE =
σ2

(2π)M

∫

[−π,π]M
G̃(ejω)G(ejω) dω = σ2

N∑

i=1

∑

k

|gi(k)|2, (6.11)

which implies that MSE is a continuous quadratic function ofai,k. Since MSE

is nonnegative, MSE can achieve its minimum and hence the optimal solution for

{ai,k} exists. The optimal solution requires all first-order partial derivatives of

MSE to be zero. Therefore, we can easily find the optimal solution by setting all

partial derivatives ofMSE(ai,k) to zero, which leads toL linear equations with

respect toL unknowns. A similar parametrization and optimization approach has

also been used in [95] for optimal filter bank design.

Algorithm 6.2 The computational algorithm for an optimal vector of FIR decon-

volution filters is given as follows.

Input: A set of FIR convolution filters{H1, . . . , HN}.

Output: an optimal vector of FIR deconvolution filters.

1. Verify whether
∑N

i=1 Hi(z)Hi(z
−1) is a monomial. If so, then output

H(z−1)/
∑N

i=1 Hi(z)Hi(z
−1). Otherwise, continue.

2. ParameterizeS(z) in terms of (6.10).

3. Use Algorithm 6.1 to compute a vector of FIR deconvolutionfiltersGp(z).

4. ComputeG(z) by (6.2) andMSE by (6.11).

5. Set all first-order partial derivatives ofMSE(ai,k) to zero and solve this

system of linear equations.

6. Substitute{ai,k} in G(z) by the optimal solution and outputG(z).

Algorithm 6.2 finds the general optimal set of FIR deconvolution filters if

the optimal solution exists. Otherwise, it will find a set of FIR deconvolution

filters that is optimal among the deconvolution filters with given support. This

support is decided by the support of the deconvolution filters with smallest support
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and a specified support of free vectorS(z). The following example illustrates

Algorithm 6.2.

Example 6.2 Let H1(z1, z2) = z1 + z2
2 − 1 and H2(z1, z2) = z1 + z2 − 1. In

this case,
∑N

i=1 Hi(z)Hi(z
−1) is not a monomial, and hence there is no general

optimal FIR deconvolution filters. In the following, we will useAlgorithm 6.2 to

find an optimal set of FIR deconvolution filters. Let the support P = {(0, 0)},

that is,S(z) is a scalar vector.

1. ParameterizeS(z) = [a1, a2]
T .

2. Use Algorithm 6.1 to compute a vector of FIR deconvolutionfiltersGp(z):

Gp,1 = −z−1
1 z−1

2 andGp,2 = z−1
1 z−1

2 + z−1
1 .

3. ComputeG(z) by (6.2):

G1 = a1 + a2z
−1
1 + (a1 + a2)z

−1
2 − (1 + a1 − a2)z

−1
1 z−1

2 + a1z
−1
1 z2,

G2 = −a1 + (1 + a1)z
−1
1 − a2z

−1
2 − a1z

−1
1 z2

2

+ (1 + a1 + a2)z
−1
1 z−1

2 − (a1 + a2)z
−1
1 z2.

Compute MSE by (6.11):

MSE(a1, a2) = 9a2
1 + 4a1a2 + 6a2

2 + 6a1 + 3.

4. Set two partial derivatives ofMSE(a1, a2) to zero and solve

{
9a1 + 2a2 = −3,

a1 + 3a2 = 0,

which leads to

a1 = − 9

25
, a2 =

3

25
.

6.4 Simulations

We have studied the existence and computation of exact deconvolution where the

convolution outputs are clean. However, in most deconvolution applications, the

convolution outputs are corrupted by additive noise. Independent identically dis-

tributed Gaussian noise and impulsive Gaussian noise are most common noise.
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Detailed noise analysis is beyond the scope of this thesis. In this section, we illus-

trate the simulation results with both impulsive Gaussian noise and independent

identically distributed Gaussian noise.

6.4.1 Deconvolution filters

The three convolution filters are given as

H1 =




4 0 −20 0 16

0 20 20 −32 −32

−5 −10 19 48 24

0 −8 −24 −24 −8

1 4 6 4 1




,

H2 =




3 −8 4

4 0 −4

1 2 1


 , H3 =



−3 −4 4

2 -2 −4

1 2 1


 , (6.12)

where the box represents the origin of filter supports.

We apply Algorithm 5.2 to compute a set of deconvolution filters, which are

exact solutions given as

G1 =




0 0 0

0 0 0

0 0 1
40


 , G2 =




0 0 0 0 0

0 3
20

1
10

3
20

1
10

0 − 1
20

−1
5

− 3
10

− 3
20

0 3
80

3
20

3
16

3
40

0 − 1
80

− 3
80

− 3
80

− 1
80




,

G3 =




0 0 0 0 0

0 − 3
20

− 1
10

− 3
20

− 1
10

0 1
20

1
5

3
10

3
20

0 − 3
80

− 3
20

− 3
16

− 3
40

0 1
80

3
80

3
80

1
80




.

The first deconvolution filter is just a monomial. The size of the other two filters

is 4 × 4. For comparison, we compute the size of deconvolution filters using the

estimates in [105], which is4× 8. Then we compute a set of deconvolution filters

of size4 × 8 by the linear algebra approach, which gives numerical solutions.

Hence, Algorithm 6.1 obtains deconvolution filters with smaller size. Actually, it
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can be verified that the obtained filters have minimum number of coefficients.

6.4.2 Deconvolution with impulsive noise

We first consider impulsive noise, which is common in many applications such

as equalization and image deconvolution. The noise processes are added to the

convolution outputs{Yi} independently. Impulsive noiseN is defined as

N =




∼ N (0, σ2), with probability α

0, with probability (1 − α)
,

whereα is the occurrence probability of impulsive noise.

Median filters have been widely used in impulsive noise removal [125–127].

In traditional median filtering, the output of each image pixel is the median of its

neighbor. Since median filtering is a smoothing operation, it smooths the image

edges during noise removal. We propose threshold median filtering (TMF) for

impulsive noise removal. In TMF, if the difference between the pixel and the

median of its neighbor is larger than a threshold, then the output is the median;

otherwise, the output is the original pixel. The threshold can be estimated from the

signal-noise-ratio of corrupted convolution outputs. In this way, we can preserve

the edge information in noise removal.

To compare our proposed method with traditional median filtering, we show

two simulations with different occurrence probabilities of impulsive noise. In the

simulations, we choose the neighbor size of the median operation to be3 × 3 and

the threshold to be200. The simulation results are given in Figs. 6.2 and 6.3. It can

be seen that threshold median filtering achieves better noise removal results than

traditional median filtering. Threshold median filtering preserves image edges,

while traditional median filtering smooths image edges.

Now we apply threshold median filtering to image deconvolution in impulsive

noise environment. We need to decide when to remove impulsive noise in image

deconvolution. It seems that we should remove noise before FIR deconvolution.

However, since the convolution outputs have different statistical properties from

synthetic or natural images, it is difficult to remove impulsive noise. If we ap-

ply median filtering on the convolution outputs, we will losemuch information.

Therefore, we apply median filtering after FIR deconvolution. We choose the

neighbor size according to the size of deconvolution filters.
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(a) (b)

(c) (d)

Figure 6.2: (a) Original image of size256 × 256. (b) Noisy image (α =
0.0001,MSE = 52.8). (c) Reconstructed image by traditional median filtering
(MSE = 10.96). (d) Reconstructed image by proposed threshold median filtering
(MSE = 0.025).
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(a) (b)

(c) (d)

Figure 6.3: (a) Original image of size256 × 256. (b) Noisy image (α =
0.01,MSE = 430.1). (c) Reconstructed image by traditional median filtering
(MSE = 11.11). (d) Reconstructed image by proposed threshold median filter-
ing (MSE = 3.226).
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In the simulation, the convolution outputs are corrupted byimpulsive Gaussian

noise and noisy outputs are shown in Fig. 6.4. First, we use the above two sets of

deconvolution filters to reconstruct the original image. The reconstructed images

by the linear algebra approach is shown in Fig. 6.5(a) and ourproposed approach

in Fig. 6.5(b). Since both sets of deconvolution filters are FIR, impulsive noise

has been isolated from propagation in both reconstructed images. However, the

impulsive errors in Fig. 6.5(b) are smaller than those in Fig. 6.5(a). The reason

is that the deconvolution filters obtained by our proposed approach have smaller

supports than those obtained by the linear algebra approach.

Figure 6.4: Convolution outputs corrupted by additive impulsive Gaussian noise
(α = 0.0001,MSE = 51.2). The original image is given in Fig. 6.3(a) and the
convolution filters are given in (6.12).

After deconvolution, we apply threshold median filtering tothe reconstructed

137



(a) (b)

(c) (d)

Figure 6.5: Reconstructed images by the following methods: (a) Linear algebra
deconvolution approach without noise removal (MSE = 30.6); (b) Our proposed
deconvolution approach without noise removal (MSE = 29.1); (c) Linear algebra
deconvolution approach with noise removal (MSE = 6.5); (d) Our proposed
deconvolution approach with noise removal (MSE = 4.5).

images to remove impulsive noise. For above filters, we choose the neighbor size

to be8×8 and the threshold to be200. The final results are given in Fig. 6.5(c) and

Fig. 6.5(d). It can be seen that threshold median filtering removes most impulsive

noise without smoothing the image edges.
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6.4.3 Deconvolution with independent noise

In this simulation, the convolution outputs are corrupted by independent identi-

cally distributed Gaussian noise with zero mean and power density σ2. We just

show the deconvolution results using our proposed approach. Independent noise

removal is beyond the scope of the thesis. It has been studiedin the literature, for

example, see [128–131].

We use the set of deconvolution filters determined from our approach to re-

construct the original image. The reconstructed images areshown in Fig. 6.6. The

signal-to-noise ratio (SNR) can be expressed as

SNR = 10 log10

(‖Y ‖2
2

σ2

)
.

6.5 Conclusion

We propose a new method for general multidimensional multichannel FIR decon-

volution using algebraic geometry and Gröbner bases. We formulate the multi-

channel FIR exact deconvolution problem into a nonsubsampled perfect recon-

struction FIR filter bank. Using techniques for nonsubsampled filter banks, we

propose sufficient and necessary conditions for FIR exact deconvolution and pre-

sented simple algorithms to compute a set of deconvolution FIR filters with either

minimal order or minimal number of nonzero coefficients. These algorithms do

not require knowledge of the degree of deconvolution filters. We characterize the

sets of deconvolution filters and use this characterizationto find the optimal set of

deconvolution filters under the additive white noise environment. The simulation

results show that the proposed algorithms achieve good quality of reconstruction

under different noisy environments.
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(a) (b)

(c) (d)

Figure 6.6: The convolution outputs are corrupted by additive Gaussian noise with
different SNRs: (a) Before reconstructionSNR = 15 dB, after reconstruction
SNR = 17.4 dB; (b) Before reconstructionSNR = 20 dB, after reconstruction
SNR = 22.4 dB; (c) Before reconstructionSNR = 25 dB, after reconstruction
SNR = 27.4 dB; (d) Before reconstructionSNR = 30 dB, after reconstruction
SNR = 32.4 dB.
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CHAPTER 7

NONSUBSAMPLED
CONTOURLET TRANSFORM

7.1 Introduction

Do and Vetterli proposed an efficient directional multiresolution image represen-

tation called the contourlet transform [30,134,135]. The contourlet transform em-

ploys Laplacian pyramids [2, 136] to achieve multiresolution decomposition and

directional filter banks [29,57,137] to achieve directional decomposition. Owing

to the geometric information, the contourlet transform achieves better results than

the discrete wavelet transform in image analysis applications such as denoising

and texture retrieval [138]. Due to downsampling and upsampling, the contourlet

transform is shift-variant. However, shift-invariance isdesirable in image analysis

applications such as edge detection, contour characterization, and image enhance-

ment [74].

In this chapter, we present the nonsubsampled contourlet transform (NSCT),

which is ashift-invariantversion of the contourlet transform. The NSCT is built

upon iterated nonsubsampled filter banks to obtain a shift-invariant directional

multiresolution image representation. Based on the NSCT, we propose a new

method for image enhancement. The rest of this chapter is organized as follows.

In Section 7.2, we present the construction of the NSCT. We apply the NSCT to

image enhancement and show experimental results in Section7.3. Finally, we

draw conclusions in Section 7.4.

This chapter includes research conducted jointly with Arthur L. Cunha and Minh N. Do
[131–133].
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7.2 Construction

The contourlet transform employs Laplacian pyramids for multiscale decomposi-

tion, and directional filter banks (DFB) for directional decomposition. To achieve

shift-invariance, thenonsubsampledcontourlet transform is built upon nonsub-

sampled pyramids and nonsubsampled DFB. We briefly introducethe construc-

tion of the nonsubsampled contourlet transform. For the filter design, we refer

readers to [133]. For details on multidimensional upsampling, see Section 2.2.

7.2.1 Nonsubsampled pyramids

The nonsubsampled pyramid is completely different from thecounterpart of the

contourlet transform, the Laplacian pyramid. The buildingblock of the nonsub-

sampled pyramid is a two-channel nonsubsampled filter bank as shown in Fig. 7.1.

A nonsubsampled filter bank has no downsampling or upsampling, and hence it is

shift-invariant. The perfect reconstruction condition isgiven as

H0(z)G0(z) + H1(z)G1(z) = 1. (7.1)

This condition is much easier to satisfy than the perfect reconstruction condition

for critically sampled filter banks, and thus allows better filters to be designed. If

H0(ω) andH1(ω) have no common zeros forω ∈ [−π, π]2, then we can always

find G0(ω) andG1(ω) satisfying (7.1). For FIR filter banks, if all common zeros

of H0(z) andH1(z) are weak-zero (that is, eitherz1 or z2 is zero), then we can

always find FIR filtersG0(z) andG1(z) satisfying (7.1) using Theorem 5.2. For

the design of nonsubsampled filter banks, see Section 5.4.

+

ANALYSIS SYNTHESIS

X(z) X̂(z)

G0(z)

G1(z)

H0(z)

H1(z)

Figure 7.1: A two-channel nonsubsampled filter bank.

The ideal frequency response of the building block of the nonsubsampled

pyramid is given in Fig. 7.2. To achieve the multiscale decomposition, we con-
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struct nonsubsampled pyramids by iterated nonsubsampled filter banks. For the

next level, we upsample all filters by2 in both dimensions. Therefore, they also

satisfy the perfect reconstruction condition. The cascading of the analysis part is

shown in Fig. 7.3. The equivalent filters of ak-th level cascading nonsubsampled

pyramid are given by

Heq
n (z) =

{
H1(z

2n−1
)
∏n−2

j=0 H0(z
2j

) n = 1, . . . , 2k − 1
∏n−1

j=0 H0(z
2j

) n = 2k
,

wherezj stands for[zj
1, z

j
2]. These filters achieve multiresolution analysis and

resulting frequency division is shown in Fig. 7.4.

G0(z)

G1(z)

H0(z)

H1(z)

Figure 7.2: Ideal frequency response of the building block of nonsubsampled
pyramids.

7.2.2 Nonsubsampled directional filter banks

The nonsubsampled DFB is a shift-invariant version of the critically sampled DFB

in the contourlet transform. The building block of a nonsubsampled DFB is also

a two-channel nonsubsampled filter bank. However, the idealfrequency response

for a nonsubsampled DFB is different, as shown in Fig. 7.5.

To obtain finer directional decomposition, we iterate nonsubsampled DFBs.

For the next level, we upsample all filters by a quincunx matrix given by

Q =

(
1 1

1 −1

)
.
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1

2

3

4

H0(z)

H1(z)

H0(z
2)

H1(z
2)

H0(z
4)

H1(z
4)

Figure 7.3: Iteration of two-channel nonsubsampled filter banks in the analysis
part of a nonsubsampled pyramid. For upsampled filters, onlyeffective passbands
within dotted boxes are shown.

1

2
3

4

(+ ,+ )

(- ,- )

ω1

ω2

ππ

ππ

Figure 7.4: Resulting frequency division by a nonsubsampledpyramid given in
Fig. 7.3.
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U0(z)

U1(z)

W0(z)

W1(z)

Figure 7.5: Ideal frequency response of the building block of nonsubsampled di-
rectional filter banks.

Q

Q

U0(z)

U1(z)

U0(z
Q)

U1(z
Q)

Figure 7.6: Upsampling filters by a quincunx matrixQ.

The frequency responses of two upsampled filters are given inFig. 7.6 and the

cascading of the analysis part is shown in Fig. 7.7. Then we obtain a four-direction

frequency division as shown in Fig. 7.8. The higher level decompositions follow

the similar strategy, although they are more complex. We refer readers to [133]

for details.

7.2.3 Fast implementation

The main operation of the NSCT is convolution with upsampled filters as shown in

Fig. 7.9. One direct implementation is upsampling the filterfirst and then convolv-

ing with the upsampled filter. The size of the upsampled filters becomes very large

145



4

3

2

1
U0(z)

U1(z)

U0(z
Q)

U0(z
Q)

U1(z
Q)

U1(z
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Figure 7.7: The analysis part of an iterated nonsubsampled directional filter bank.
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(- ,- )

4

1

3

4

2 1
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2

ω1

ω2

ππ

ππ

Figure 7.8: Resulting frequency division by a nonsubsampledDFB given in
Fig. 7.7.
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x[n] y[n]H(zD)

Figure 7.9: Convolution with a filter upsampled byD.

for the higher level decomposition of either nonsubsampledpyramids or nonsub-

sampled DFB. Specifically, the filter sizes of nonsubsampled pyramids grow by

4 every level (see Fig. 7.3), while those of nonsubsampled DFBgrow by2 every

level (see Fig. 7.7). Since convolution complexity grows exponentially with the

size of the filter, the complexity of this implementation is very high, even when

we use the fast Fourier transform (FFT) to implement the convolution.

We propose a fast implementation of convolution with upsampled filters. In

the time domain, the upsampled filterH(zD) is given by

hu[n] =

{
h[D−1n] if n ∈ LAT (D),

0 otherwise.

Then the convolution output becomes

y[n] =
∑

l

hu[l]x[n − l] =
∑

l∈LAT (D)

h[D−1l]x[n − l] =
∑

k∈supp(h)

h[k]x[n − Dk].

(7.2)

We usually require that the size of the convolution output bethe same as that of

the input. To this end, we use periodic extension.1 The idea of periodic extension

is that the convolution output of a periodic signal is still periodic. Therefore, we

can periodically extend the input and only compute the output in a period. With

periodic extension, (7.2) becomes

y[n] =
∑

k∈supp(h)

h[k] < x[n − Dk] >, for n ∈ supp(x), (7.3)

where< x[n] > stands for the periodic extension ofx[n]. Using (7.3), the com-

plexity of filtering withH(zD) is the same as that withH(z).

1We can also use symmetric extension when the filter is symmetric.
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7.2.4 Nonsubsampled contourlet transform

The nonsubsampled contourlet transform combines nonsubsampled pyramids and

nonsubsampled DFBs as shown in Fig. 7.10. Nonsubsampled pyramids provide

multiscale decomposition and nonsubsampled DFBs provide directional decom-

position. This scheme can be iterated repeatedly on the lowpass subband outputs

of nonsubsampled pyramids.

Multiscale

Decomposition

Directional

Decomposition

(a)

ω1

ω2 (π, π)

(−π,−π)

(b)

Figure 7.10: The nonsubsampled contourlet transform: (a) Block diagram. First,
a nonsubsampled pyramid split the input into a lowpass subband and a highpass
subband. Then a nonsubsampled DFB decomposes the highpass subband into
several directional subbands. The scheme is iterated repeatedly on the lowpass
subband. (b) Resulting frequency division, where the numberof directions is
increased with frequency.

7.3 Application: Image Enhancement

In this section, we apply the NSCT to image enhancement. For the applications

of the NSCT to image denoising see [131, 133], and for applications to coutour

characterization see [139].

7.3.1 Image enhancement algorithm

Image enhancement is widely used in medical and biological imaging to improve

the image quality. The purpose of image enhancement is to enhance weak edges

or weak features in an image while keeping strong edges or features. Traditional

image enhancement methods, such as unsharp masking, split an image into differ-

ent frequency subbands and amplify the highpass subbands. More recent methods
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are based on the discrete wavelet transform in a multiscale framework and achieve

better results [140, 141]. However, all existing methods decompose images in a

separable fashion, and thus cannot use the geometric information in the transform

domain. In the frequency domain, both weak edges and noise lead to low-value

coefficients. Existing image enhancement methods amplify noise when they am-

plify weak edges since they cannot distinguish noise from weak edges. Therefore,

they either amplify noise or introduce visible artifacts, when they are applied to

noisy images.

The nonsubsampled contourlet transform provides not only multiresolution

analysis, but also geometric and directional representation. Since weak edges are

geometric structures, while noise is not, we can use this geometric representa-

tion to distinguish them. The NSCT is shift-invariant such that each pixel of the

transform subbands corresponds to that of the original image in the same location.

Therefore, we gather the geometric information pixel by pixel from the NSCT

coefficients. We observe that there are three classes of pixels: strong edges, weak

edges, and noise. First, the strong edges correspond to those pixels with large

coefficients in all subbands. Second, the weak edges correspond to those pix-

els with large coefficients in some directional subbands andsmall coefficients in

other directional subbands within the same scale. Finally,noise results in those

pixels with small coefficients in all subbands. Based on this observation, we can

classify pixels into three categories by analyzing the distribution of their coeffi-

cients in different subbands. One simple way is for each pixel, to compute the

mean (denoted bymean) and the maximum (denoted bymax) magnitude of the

coefficients in all subbands, and then classify it by





strong edge if mean ≥ cσ

weak edge if mean < cσ,max ≥ cσ

noise if mean < cσ,max < cσ

, (7.4)

wherec is a parameter ranging from1 to 5, andσ is the noise standard deviation

of the subbands at a specific level. We first estimate the noisevariance of the input

image with the robust median operator [142] and then computethe noise variance

of each subband [128].

The goal of image enhancement is to amplify weak edges and to suppress

noise. To this end, we modify the NSCT coefficients according to the category of
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each pixel by a nonlinear mapping function (similar to [143])

y(x) =





x strong edge pixels

max(( cσ
|x|)

p, 1)x, weak edge pixels

0 noise pixels

, (7.5)

where the inputx is the original coefficient, and0 < p < 1 is the amplification ra-

tio. This function keeps the coefficients of strong edges, amplifies the coefficients

of weak edges, and zeros the coefficients of noise.

We summarize our enhancement method using the NSCT in the following

algorithm:

1. Compute the NSCT of the input image forN levels.

2. Estimate the noise standard deviation of the input image.

3. For each level DFB,

(a) Estimate the noise variance.

(b) Compute the threshold and the amplification ratio.

(c) At each pixel, compute the mean and the maximum magnitudeof all

directional subbands at this level, and classify it by (7.4)into strong

edges, weak edges, or noise.

(d) For each directional subband, use the nonlinear mappingfunction given

in (7.5) to modify the NSCT coefficients according to the classifica-

tion.

4. Reconstruct the enhanced image from the modified NSCT coefficients.

The goal of image enhancement is application-specific. Therefore, we provide

a graphic interface for users to adjust the parameters as shown in Fig. 7.11.

7.3.2 Numerical experiments

We compare the enhancement results by the proposed algorithm with those by

the undecimated wavelet transform and wavelet packets. In the experiments, we

choosec = 4 andp = 0.3. In the first experiment, the input is a standard clean

image as shown in Fig. 7.12. We observe that our proposed algorithm does a

better job at enhancing the weak edges in the textures. In thesecond experiment,
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Figure 7.11: Graphic user interface for the image enhancement.

the input is the noisy optical coherence tomography image shown in Fig. 7.13.

We observe that our proposed algorithm suppresses noise while enhancing weak

edges.

7.4 Conclusion

We present the nonsubsampled contourlet transform constructed by iterated non-

subsampled filter banks. This transform provides shift-invariant directional mul-

tiresolution image representation. We propose a new algorithm for image en-

hancement using the nonsubsampled contourlet transform. Experimental results

show that the proposed algorithm achieves better enhancement results than the

undecimated wavelet transform and wavelet packets.
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(a) (b)

(c) (d)

Figure 7.12: Image enhancement comparison. (a) Original “Barbara” image.
(b) Enhanced by the undecimated wavelet transform. (c) Enhanced by wavelet
packets. (d) Enhanced by the nonsubsampled contourlet transform.
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(a) (b)

(c) (d)

Figure 7.13: Another image enhancement comparison. (a) Original optical coher-
ence tomography image, provided by Professor Boppart’s Biophotonics Imaging
Laboratory at the University of Illinois at Urbana-Champaign. (b) Enhanced by
the undecimated wavelet transform. (c) Enhanced by waveletpackets. (d) En-
hanced by the nonsubsampled contourlet transform.
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CHAPTER 8

CONCLUSIONS AND
DIRECTIONS

8.1 Conclusions

In this thesis, we have studied multidimensional (MD) multirate system theory and

applications. Multidimensional filter banks are the most popular MD multirate

systems. Perfect reconstruction plays a key role in the theory and applications of

MD filter banks. The purpose of this thesis was to investigatethe characterization,

design, and applications of MD perfect reconstruction filter banks.

Multidimensional perfect reconstruction filter banks are divided into critically

sampled and oversampled ones. We proposed reduction theorems that connect

critically sampled filter banks and oversampled filter banks. We showed that each

analysis or synthesis filter in a critically sampled filter bank is completely deter-

mined by the remaining analysis or synthesis filters. We defined special parauni-

tary matrices and used such matrices to characterize orthogonal filter banks. This

characterization greatly reduces the number of nonlinear equations in the design

of orthogonal filter banks.

In the polyphase domain, orthogonal filter banks are characterized by parau-

nitary matrices. The paraunitary condition is a nonlinear condition, leading to

a difficult design problem. We proposed complete characterizations of orthogo-

nal IIR and FIR filter banks using the Cayley transform. The Cayley transform

converts the nonlinear paraunitary condition into a linearone. Using these char-

acterizations, we propose novel design methods for MD orthogonal filter banks.

Directional vanishing moments are essential in the design of directional filter

banks and the contourlet transform. We investigated how to impose directional
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vanishing moments on a general subset of orthogonal filter banks called lattice

orthogonal filter banks, which can be characterized by the lattice structure. We

found a complete characterization of the lattice orthogonal filter banks with direc-

tional vanishing moments.

The perfect reconstruction condition of multidimensionaloversampled FIR

filter banks boils down to a multidimensional FIR matrix inverse problem. Using

algebraic geometry and Gröbner bases, we analyzed the existence, computation,

and characterization of FIR synthesis polyphase matrices.We further investigated

the design of MD nonsubsampled and oversampled FIR filter banks.

We explored several applications of multidimensional filter banks. Using non-

subsampled filter bank theory, we investigated the multichannel FIR deconvolu-

tion problem and showed that our proposed algorithm is better than the existing

algorithm based on linear algebra. We proposed the nonsubsampled contourlet

transform and explored its application in image enhancement. The nonsubsam-

pled contourlet transform provides a directional multiresolution shift-invariant

image representation. The enhancement results showed thatthe proposed method

achieves better results than traditional separable transform approaches.

8.2 Future Research

One future work will be the design of multidimensional oversampled FIR filter

banks. Recently, there has been a range of interest in the theory of frames (over-

complete expansions) and their applications in signal processing and communica-

tions [144–146]. However, there is little work in the construction of frames, and

even less so for the construction of MD frames. Armed with newtheoretical and

algorithmic results on MD oversampled filter banks, we plan to design new MD

oversampled filter banks for general and specific applications. As an example, we

will apply MD oversampled filter bank theory to MD Laplacian pyramids [2, 30]

and their applications on image analysis and processing. The key problem for

these applications is the MD filter design and fast implementation.

Another future work will be the numerical stability analysis of MD oversam-

pled FIR filter banks. In the characterization of oversampled filter banks, we pro-

posed useful tools to test whether a filter bank is FIR invertible or not. However,

we do not know how stable an FIR invertible oversampled filterbank is.

We will seek applications of multichannel deconvolution for MD signals in
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several areas, including optical coherence tomography [147], magnetic resonance

imaging [148], multichannel equalization [113], and polarimetric calibration of

radars [96].

The nonsubsampled contourlet transform provides a directional multiresolu-

tion shift-invariant image representation. One promisingdirection will be ap-

plying the nonsubsampled contourlet transform to several image processing and

computer vision tasks, such as edge detection and contour characterization.
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[146] C. K. Chui, W. He, and J. Stöckler, “Compactly supported tight and sibling

frames with maximum vanishing moments,”Appl. Comput. Harmon. Anal.,

vol. 13, no. 3, pp. 224–263, 2002.

[147] W. Drexler, “Ultrahigh-resolution optical coherence tomography,”Journal

of Biomedical Optics, vol. 9, pp. 47–74, January 2004.

[148] Z.-P. Liang and P. C. Lauterbur,Principles of Magnetic Resonance Imag-

ing. New York: IEEE Press/John Wiley, 1999.

170



AUTHOR’S BIOGRAPHY

Jianping Zhou received the B.Sc. degree in applied mathematics from Xi’an Jiao-

tong University, Xi’an, China, in 1997 and the M.Eng. degree in signal and in-

formation processing from Peking University, Beijing, China, in 2000. He re-

ceived the Ph.D. degree in electrical engineering, University of Illinois at Urbana-

Champaign (UIUC), in 2005.

He will join Texas Instruments DSPS R&D center as a Member of Technical

Staff in July 2005. He was a Research Assistant with the Coordinated Science

Laboratory, UIUC, from 2002 to 2005. From 2000 to 2002, he was an Assis-

tant Researcher with the Internet Media Group and the Wireless and Networking

Group, Microsoft Research Asia, Beijing, China. His research interests include

wavelets, computer vision, image and multidimensional signal processing, multi-

media coding and communication, and multimedia delivery over wireless Internet.

171


