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Abstract

We present a novel approach for learning patterns
(sub-images) shared by multiple images without prior
knowledge about the number and the positions of the
patterns in the images. The patterns may undergo kinds
of rigid and non-rigid transformations. To reduce the
searching space, the images are pre-segmented and
represented by attribute relation graphs (ARGs). The
problem is then formulated as learning the isomorphic
subgraph, called pattern ARG (PARG), from multiple
sample ARGs (SARG) with regard to the attribute
similarity and the relation similarity. An inexact graph-
matching algorithm is proposed to establish the
correspondence between each SARG and the PARG.
Inexact graph matching and model editing based on
Bayes' decision rule are incorporated into Generalized
Expectation and Maximization (GEM) algorithm. The
modified GEM algorithm combines soft decisions and
hard decisions together to learn both the appearance
and the structure of the PARG. In the experiments, the
learned PARG successfully captures the appearance and
spatial information of the concept shared by the images.

1. Introduction.

This paper proposes a new approach for learning
patterns from several unlabeled images. Usually, those
patterns are highly related to the objects that repeat in
the images subject to al kinds of spatial transformations.
Recently, some algorithms are proposed to learn the
patterns from unlabelled image. Frey [8] incorporated
the transformation as a discrete latent variable into the
probabilistic graphical model and use Expectation-
Maximization (EM) algorithm [6] to learn patterns from
the images with clutter  backgrounds. The
transformations are selected from a predefined discrete
set and applied to the pixels of the image. Ratan [17]
used Diverse Density algorithm to learn “visual
concepts’ from the pre-segmented images that can be
used to classify new images. A concept could be a pre-

specified conjunction of more than one component. Each
component represented by a feature vector is
corresponding to a segment of the image.

Hong and Huang [11] proposed an unsupervised
method for extracting recurrent patterns from a single
image. The patterns suffer from trandation within the
image. The algorithm uses the local context information
of a pixel to predict the value of that pixel. By
examining the prediction results, it first identifies the
distinguishable sub-patterns of the patterns, and then
grows the distinguishable sub-patterns into whole
patterns based on maximum likelihood criteria.

Working on pixel level encounters the problem of
high computation complexity due to the huge searching
space, especially when the patterns subject to all kind of
non-rigid transformations. An alternative way is to
extract features from images via low-level image
preprocess, and use the extracted features to represent
images. The extracted features provide transformation
invariant information that can be used to infer
transformations. Low-level image processing may
decompose a pattern into several components (e.g.
regions, edges). Nonetheless, the relations (e.g. spatial
congraints) between those components persist through
the images and group those components together to form
a pattern.

In this paper, the sample images are pre-segmented.
We adopt ARG as the representation of the segmented
images and the patterns. The pattern learning problem is
formulated as learning the isomorphic subgraph from
multiple ARGs. Previous research related to ARG
focused on solving the matching problem between two
ARGs. Learning the appearance and structure of the
isomorphic subgraph from multiple ARGs is a new
problem emerging in computer vison and pattern
recognition recently. In the rest of the paper, we begin
with our motivation of this research in section 2. The
algorithm for learning PARG from multiple ARGs is
proposed in section 3. Experimental results are presented
in the section 4. Finally, conclusions and discussions are
made.



2. Previous Research and Motivations

The relational graph was first proposed by [2] as a
practical representation for scene matching. Such
description was further enhanced with parametric
information and represented by ARG [9]. ARG s
popularly used to formulate the structures and
appearance of images and objects in the computer vision
research. Basically, image and model object primitives
can be represented as the nodes in an ARG with the
connecting arcs representing their relations. The
properties of the primitives are represented by the node
attributes.

Due to the representation power of ARG, inexact
graph matching as an important task has been widely
investigated in the computer vision literature to find the
largest common sub-graph between two ARGs. Since the
largest common sub-graph problem is NP-complete [10]
and it is a specia case of ARG matching problem, the
ARG matching problem is also NP-complete. Much
effort has been put on nonlinear optimization methods to
reduce the inherently NP-complete problem to a
tractable problem [20, 4, 21, 1, 22, 13, 14]. The most
successful of those methods use some form of relaxation
labeling [18, 5, 23, 3, 15].

Recently, ARG representation is used in information
retrieval in digital image and video libraries [16, 12].
The am is to use ARG for annotating images where
object of interest is present. An active research area —
relevance feedback content-based image retrieval [19] —
provides a potential arena for using ARG as image and
concept representation and the graph matching technique
for information retrieval. In relevance feedback content-
based image retrieval, the compute tries to inference the
high level concept shared by the images that labeled by
the user as relevance feedbacks. If the images are
represented by ARGs, the concept to be retrieved is the
common subgraph of the ARGs of the relevance
feedbacks.

Hence, a technique for learning the isomorphic
subgraph from multiple ARGs is demanded. It is
obvioudly that (1) an isomorphic subgraph of 2 ARGs
may not necessary be the isomorphic subgraph of
multiple ARGs;, (2) multiple ARGs provide more
evidence to help capture the structure and variance of the
appearance of the concept shared by all sample images.
It is the major contribution of this paper to propose an
algorithm for learning the isomorphic subgraph of more
than two ARGs.

3. Learning PARG

By assuming that the pattern appears at most once in
al of the images, a pattern could be defined as the

largest subgraph “shared” by al the SARGs in the sense
of probability. We incorporate the inexact graph
matching technique and model editing into the GEM
algorithm for learning the appearance and structure of
the PARG from multiple SARGs.

3.1 Notations

Each SARG isatriple G, =<V,,A,R >, wherei =1,
2, ..., | and | is the number of the SARGs.
Vi, ={Vig, Vi1,--, Viy, } IS @ set of the sample nodes, where

V,, is the null sample node. A ={a;,a;,,....ay,} denotes

the set of the attributes. Each sample node v, is
associated with an attribute vector a,. Each pair of nodes
has a binary relation. Examples of relations are: the
adjacent relation between one node and the other, the
relative position of one node to the other, etc. In this
paper, we use a simple relation i.e. the adjacent relation.
The unidirectiona relations are represented by the set
R =V, xV, - {03 ={r,,, =0/, r,, is the relation
between the node v, and v, A relation with the value of
O is called null relation. Let ', ={V;,, Vi, .-+ Vis} denote
the set of the nodes that have non-null relations with v,.

Similarly, the PARG to be learned is defined as
Gy =<V,, Ay, R, >. The pattern nodes are denoted by

Vo ={Voo,Vois--+:Von,} » Where Vv, is the null pattern

node. A, is the set of attributes, R, is the set of pattern
relations between the pattern nodes, and I, denotes the
set of pattern nodes that have non-null relations with v,.

3.2 Inexact Graph Matching

To learn the PARG, we first need to find the
correspondence of the nodes and the relations between
the PARG and a SARG. In this paper, we propose a
probabilistic relaxation algorithm to esablish the
matching. From the viewpoint of information theory,
probabilistic relaxation graph matching algorithm seeks
the matched configuration of nodes that has maximum a
posteriori probability with respect to the available
information about attribute measurement and relation
measurement. In our case, given G, and G, the algorithm
triesto find the matching function f, by:

% fi (Vop) = arv‘gkg‘axPoi (fi(Vop) = Vi 1Go,G;)
I opa) = T 11 (£ (Vop) = Vi) & (F; (Vi) = Vi)
In the rest part of the paper, (&) Qu(Vop Vi) =
Py (Vop’
V,, matching with v, given their attributes without

op
considering the local context information of v,, and v, ;

@D

Vi |85p:85:Go,G;) denotes the probability of



(b) Fii(v,
with v, given G, and G, i.e Py(vy Vi) =
Poi (i (Vop) = Vi |Gy, G;) . Different from Qi (Vop, Vi) »
Py (Vop’
and v, ; and (c) Py (ryq fim) denotes the possibility of
the relation r,, given that v,

matches with v, and the node v,,, matcheswith v, .

0 Vi) denotes the possibility of v,, matching

V) considers the context information of v,

matching with r,

okm

Before going to the details of the algorithm, we make
some assumptions. (a) the matching between the PARG
and a SARG is independent from the matching between
the PARG and the other SARGs, (b) different pairs of
attribute measurements associated by the matching are
conditionally independent of one another, (c) the
attribute similarity measurement is independent on the
matching of the nodes and independent of the relations,
and (d) the relations in the relation set are independent of
each other. We then have

D(l_ Pe)q)(aop’aik )

E ;q)(a a) if vy 2 V.

Qoi (Vop’vik) =0 amv ’ (2)
0
% P, otherwise

where ®(a,,,a; ) is the attribute similarity measurement

function and a uniform probability P, is assigned as the
prior probability of a pattern node matching with a null
sample node. This parameter will depend on the
applications.

In searching the matches of the nodes between two
graphs, the information provided by the structural
congtraints should be exploited. If the structural units are
too large, the matching process becomes excessively
burdensome in terms of its computational complexity.
However, if the structural units are too small, the
matching results are impoverished due to the very
limited contextual information that it can utilize for
calculating a consistent match. This will make the
matching scheme vulnerable to noise or error. We try to
make a trade off by using subgraphs that consist of
neighborhood of nodes interconnected by arcs. Thus we
have

Qoi (Vop ’ Vik )Coi (Vop ’ Vik )

I:)oi (Vo ’Vi ): (3)
Pk ZQoi (Vop!vim)Coi (Vop!vim
VimtVi
where C, (V,,, Vi) represents the probability that the

local structure of v, issimilar to that of v, .

S(Vop !Vik)
Z S(Vop ’ Vim (4)

Vim LV

Coi (Vop ' Vik) =

Theterm S(v,,,
local structure of v,,and that of v, . Its value is decided
by maximizing:

g M qu(Voq!Vim) P(ropq! r.ikm) (5)

Vog-"op Vim ik

subject to DqZM <1, DmZM
m q

qm =

v, ) measures the similarity between the

<1, M,,0{03.

qm =

Maximizing Eq.(5) is equal to the best correspondence
between the local structure of v, and that of v, .

If we further assume that the matching result of the
relation r,,, isaffected only by the relation measurement
and the matching result of the nodes v,,and v,,, the
probability of the relation matching is given as.

Poi (ropq’ rikm)
— Poi (Vop »Vik ) Poi (Voq Vim )w(ropq’ rikm) (6)
v; v; Poi (Vop Via ) Poi (Voq +Vip )w(ropq’ riab)

where W(r, .. ) iS the relation similarity measurement

pq’
function. The choosing of W(r,,,. M) IS application

dependent and should provide suitable ability to handle
noise. A reasonable choice would be exp(= | r,pq = fim ) -

Eg. (3), (4), (5) and (6) provide an iterative update
form for finding the best matching. We can initialize

I:)o(iO) (Vop!vik) = Qoi (Vop ' Vik) (7)

After initializing, the calculation procedure iteratively
goes through Eq. (6), (5), (4) and (3) in order until the
change of P, (V,,,Vy) is very smal or a maximum

iteration number is reached. The mapping from the G, to
the G, isthen decided by (1).

3.3 The Modified GEM Algorithm

Providing the above inexact graph-matching
algorithm, we can use GEM [6] agorithm to learn the
PARG embedding in the SARGs. It is well known that
EM algorithm is a successful tool to infer the maximum
likelihood parameters from the corrupt training data. Its
relaxed version Generalized Expectation-Maximization
(GEM) agorithm affords greater flexibility to choose
computationally simpler steps. In this problem, we don't
have the prior knowledge of the structure of the PARG.
A practical way is to initialize it with more parameters
(nodes and relations) than it really has. For example, we
can initialize the PARG as one of the SARGs. To
remove the redundant parameters from the initial model,
we introduce model editing step in the GEM. The
modified GEM is able to learn both the appearance and



the structure of the PARG by utilizing the similarity
measurement information of attributes and the relations.

In the E-step, the inexact graph-matching algorithm
is used to calculate the probabilities of matching
between each SARG and the PARG. In M-step,
redundant parameters of PARG are identified via Bayes
decision rule and discarded. The rest parameters are
updated. In this way, the structure of PARG is
congtructed gradually. The outline of the modified GEM
algorithm islisted as below and followed by the details.

1. Initialize PARG model.

2. n=0

3. E-step: Calculate the matching probabilities by
applying the graph-matching algorithm described
in section 3.2 to each pair of G’ and G
separately.

4, M-gtep:
a. ldentify redundant nodes and

Modify G$” and get G .

b. Update the values of the attributes of the PARG.

5. n=n+ 1. Go back to 3 until the changes of all
Py (Vop: Vi) are smaller than a threshold or the

maximum iteration number is reached.

In step 4.a, we use Bayes' decision rule to make hard
decisions for editing the PARG model. Assuming al the
SARGs are equal important, the probability of a non-null
pattern node v,, becoming a null pattern node given

current configuration of the PARG is calculated by:

P(Vy, Vd G) = = Z (VopsVio) ®)

relations.

If P(Vop, Vgl G§), we mark v,, as

anull node and set the relations between it and the other
nodes as null relations. Similarly, the probability of a
non-null relation r,,, remains as a non-null relation

given current configuration of the PARG is calculated
by:

G >1-P(y,

op? Vool

|
I:)oi (ropq! r.ikm)
1=1 rgmUOR —{null realtion$
o 9)

Z P(ropq! |km)
1=1 Tigm!

If P(rpq =1IGS") < 1 - P(r,,
ropgWill be set asanull relation.

P(r,, =1|G) =

opq

=1|G{"), the relation

After editing the PARG, the attributes of rest nodes
can be updated in step 4.b by:

DZ Pm( op!v|k)aik
a(nﬂ-) 1= V\k i X Vio}

POI( op!v|m)

" VimbVi {vio}

9)

where Py;(V,,, Vi) is the result of the graph matching
agorithm. Then the probability distribution By (v, Vi)

is recalculated in the E-step. We treat P, of the Eq. (2) as
a control variable like the temperature in an annealing
process. It is reduced gradually accordingly to some
deterministic  iteration dependent schedule. The
parameters of ®(a,,,a,) in Eq. (2) are treated as

parameters of the PARG model associating with the node
v,, of the PARG and should be updated accordingly.

op
For example, if we chose:

(a,,.a,) = exp[—%(aik ~a,) 5@, -a,,)]  (10)

The covariance matrix Z,, is associated with the node
Vo« It isinitidized as the identity matrix and should be

updated accordingly. In the model editing step, they
should be edited too.

To note, it is very important to identify those
redundant parameters and discard them. Otherwise, they
provide channels for propagating “wrong” information.
Keeping those redundant parameters will bring
ambiguity into the graph matching process. Eventually,
the GEM may generate a PARG whose appearance and
structure are quite different from those of the true
PARG. This is due to four reasons. The first one is the
structure of the PARG is initialized larger than its true
size. In other words some channels are initialized for
propagating “wrong” information. The second reason is
that the calculation of matching only uses the local
context information, which is inadequate for concept
description in many scenarios. In redlity, it is always
very difficult to decide an optimum range of the local
context information that should be considered. However,
this assumption reduces a NP-complete problem to a
tractable problem. The third reason is that GEM
algorithm only guarantees the result is alocal maximum.
The final reason is that sometimes the distribution of the
training data is not good. Either the size of the training
dataistoo small or the data is not evenly distributed.

4. Experimental Results

In the experiments, we use low-resolution color
images. The images are segmented based on the local
color variation [7] and represented by ARGs. Each
segment has a feature vector containing its color (YUV)
information (mean and variance). Small segment is



forced to merge with its neighbor region whose color
feature is the most similar to it among its neighbors.
Since the shapes and the areas of the objects will change
dramatically due to al kind of rigid and non-rigid
transformations, it is hard to find and invariance
description of those attributes. Thus, we didn't use the
shape and area information. Texture information can also
be used. In the experiments shown here, we found that
color information together with gspatial relation
information is enough. The nodes of the ARG denote the
segments. The adjacent relation that is transform
invariance is used. The node attribute is the color feature
vector of a segment. The relation between two segments
is set as 1 if they are adjacent to each other. Otherwise,
the relation between them is set as 0. We successful
applied the algorithm to several kinds of images, e.g.
flowers among the leaves, birds flying in the sky, etc.

A typical exampleisshown in figure 1. A hat, a sock
and a magazine are put in different backgrounds. As we
can see, they ae suffered from nonlinear
transformations. There are several background regions
that have very similar color to the concept regions, but
they are either in different local contexts or not shared
by al images. The sample images are segmented. Each
segment is filled with its mean color and displayed in
figure 1(b) accordingly. We use the ARG of the |eft most
image in the first row as the initial PARG. In the first
iteration of the modified GEM, the SARG used to
initialize PARG doesn’t participate into calculation. Our
algorithm successfully learned the sub-image that
consists of three divided parts: a hat, a sock and a part of
the magazine cover. The correspondent sub-images in
the segmented images are shown in figure 1 (¢), and are
repainted using the mean color of the corresponding
nodes of the learned PARG.

The advantage of combining evidence provided by
multiple SARGs is that it makes the concepts shared by
the images sharper. In the example shown in figure 1, the
regions shared by the first and second sample images are
different from those shared by the second and third
sample images. Thus, by only examining a subset of
sample images, we cannot exactly capture the common
concept represented by the whole set of the sample
images. Combining evidence from multiple images, we
are able to not only infer the structure of a pattern but
also capture the variance of the appearance of a pattern.

5. Conclusions and Discussions.

This paper addresses an important problem: learning
the PARG from multiple SARGs. A modified GEM
algorithm, which combines evidence from multiple
SARGsS, is proposed to learn both the appearance and the
structure of the PARG. First, due to lack of prior
knowledge about structure of the PARG, the PARG

model is initialized with more parameters than it truly
has. During the iteration of GEM, the soft decision about
the correspondence between the PARG and each SARG
is decided by an inexact graph matching algorithm. Hard
decisions on the redundant parameters of the PARG are
made via Bayes decision rule. The hard decisions
reduce the disturbance of the noise and the searching
space by removing parameters of the PARG model with
low confidence level. The rest parameters are updated.

Our method learns patterns that recur frequently in
the images. No high-level knowledge is used to guide the
understanding. The results may contain some partial
concepts with regard to what human beings have in
mind. For example, in the experiment, only part of the
magazine cover is learned. In addition, the algorithm is
unable to infer that the black letters on the hat that only
appears in the first image as a part of the hat. However,
the PARG learned is a good representation of the
concept set given the training images. They indicate the
most distinctive characteristics of the objects that make
the objects different from their backgrounds. As we can
image that as long as those parts of the objects missed by
the PARG appear more and more frequently in the
training data, the algorithm will have more chance to
capture them.

The SARGs are abstract representations of images.
No high-level knowledge is involved in low-level image
processing. Thus the learning results depend on the
quality of the low-level image processing results. A
possible improvement would be coarse to fine learning
that is performed in a multi-scale segmentation results.
Another possible improvement would be building a
feedback loop between pattern learning and low-level
image processing. The learned patterns are applied back
to do knowledge based low-level image processing. Then
the patterns are refined given the new results of the
knowledge based low-level image processing.

The algorithm cannot guarantee the result is
optimum, i.e. the learned PARG may not be the largest
isomorphic subgraph shared by all the SARGs. To solve
this problem we can adopt the approach proposed by
Hong and Huang [11]. In [11], the distinguishable sub-
pattern (DSP) of a pattern is identified first. Then the
whole pattern is extracted by growing the DSP via local
search. Here, we can define the PARG learned by the
modified GEM as a DSP of the true pattern, and
gradually grow it into the whole pattern.
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Figure 1. Hat, sock and magazine: (a) Origina images, (b)
Segmentation results, (c) The concept learned and its
corresponding sub-image in the original images. The result
consists of a hat, asock, and a part of magazine cover.



