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ABSTRACT

Universal linear least squares prediction of real-valued boun-
ded individual sequences in the presence of additive bounded
noise is considered. It is shown that there is a sequential
predictor observing noisy samples of the sequence to be pre-
dicted only, whose loss in terms of the noise-free sequence
is asymptotically as small as that of the best batch predictor
out of the class of all linear predictors with knowledge of the
entire noisy sequence in advance.

Index Terms— Prediction, least squares, linear, noise

1. INTRODUCTION

Consider the problem of sequentially predicting the sample
x[t] of the sequence xn = {x[1], x[2], . . . , x[n]} based on
the past samples xt−1, where the sequence xn is assumed to
be an arbitrary deterministic individual sequence. Under the
squared error, this sequential predictor x̂[t] suffers an accu-
mulated loss �n(x, x̂) =

∑n
t=1(x[t]− x̂[t])2. In the setting of

universal prediction of individual sequences, the performance
of the predictor x̂[t] is judged compared to the best predic-
tor out of a certain set, the comparison class, which can be,
e.g., a set of sequential predictors or “experts” (see [1] for the
problem de nition), or the set of batch predictors with knowl-
edge of the entire sequence in advance. It turns out that the
regret between the predictor x̂[t] and the best predictor out of
the comparison class can be made small, as shown in, e.g.,
[2, 3, 4]. See [5] for an overview of universal prediction.

In this paper, we consider the problem of prediction of in-
dividual sequences with the comparison class of interest be-
ing all linear predictors of a given order p. The assumption
regarding the underlying sequence xn is that it is real-valued
and bounded such that |x[t]| < Ax for all t. At each time
instant, the prediction x̂[t] is formed only based on previous
samples xt−1, whereas the best predictor from the compari-
son class selects its coef cients w∗ ∈ R

p based on observing
the entire sequence xn in advance. It can be shown that there
is a sequential universal predictor whose normalized regret is
no larger than O(pA2

x ln(n)/n)[4].
In many practical applications however, a predictor need

not necessarily, or may not, have access to a noise-free ver-

sion of the sequence to be predicted. Therefore, we inves-
tigate in the following the performance of linear prediction
of individual sequences based on noisy observations, thereby
analyzing the robustness of the prediction scheme in the pres-
ence of noise. Similar to the setting of [6] where prediction
in the presence of noise was studied for binary individual se-
quences and continuous additive noise under a variety of loss
functions, the predictor only has access to a version of the un-
derlying real-valued individual sequence corrupted by addi-
tive bounded noise. Nevertheless, the loss function and hence
the performance evaluation remains with respect to the clean
sequence. Intuitively, a predictor that forms a prediction using
noisy observations being judged with regard to the noise-free
sequence can be expected to perform worse than its counter-
part seeing the clean sequence. However, as shown in the fol-
lowing, the relative loss between the universal predictor of [4]
when applied to noisy sequences and the best batch predictor
remains small.

2. UNIVERSAL LINEAR PREDICTION BASED ON
NOISY OBSERVATIONS

In the presence of noise, the predictors only observe a noisy
version of the underlying sequence xn to be predicted. In
the following, we restrict our discussion to additive bounded
noise, such that the noisy sequence zn is {z[t] = x[t] +
v[t]}n

t=1, where v[t] are zero-mean independent and identi-
cally distri-buted noise samples of varianceσ2 which are bounded
such that |v[t]| < Av a.s. for all t. The goal is to relate the
performance of a sequential predictor observing a noisy ver-
sion zt−1 of xt−1 to that of the best batch linear predictor that
has access to the entire sequence zn in advance. For a sequen-
tial predictor, the prediction formed at time t is a function of
zt−1 only. The loss of such a predictor applied to the noisy
sequence zn but judged with respect to the clean sequence xn

is

�n (x, x̂z) =
n∑

t=1

(x[t]− x̂z [t])2.

In contrast to the sequential predictor, the optimal batch
prediction coef cients w̃∗ ∈ R

p for the batch predictor x̂w̃∗ [t]
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� (w̃∗)T
z[t−1], with z[t−1] � [z[t−1], z[t−2], . . . , z[t−

p]]T, are selected based on observing the entire noisy sequence
zn, but again, the loss of this predictor is in terms of the clean
sequence, de ned as

�n (x, x̂w̃∗) =
n∑

t=1

(x[t]− x̂w̃∗ [t])2.

The noise-free counterparts to the predictors described above
would be x̂x[t] and x̂w∗ [t] � (w∗)T

x[t − 1], where w∗ can
be calculated based on xn, and x̂x[t] is computed based on
xt−1. It can be expected that �n (x, x̂z) ≥ �n (x, x̂x) and
�n (x, x̂w̃∗) ≥ �n (x, x̂w∗), however, it turns out that also in
the case of noisy observations, the relative loss can be made
small, i.e., our goal is to quantify, for any δ > 0, the regret

�n(x, x̂z)− (�n(x, x̂w̃∗) + δ‖w̃∗‖2).
Note that since the sequential predictor is competing against

a continuum of batch predictors, it would be an unfair com-
parison to allow the batch predictor to be selected as w ∗

r =
argminw

{∑n
t=1(x[t] − (w)Tz[t− 1])2 + δ‖w‖2} . In this

case, computation of w∗
r would require knowledge of the clean

sequence xn, which violates our restriction to solely noisy ob-
servations.

2.1. Scalar Linear Prediction

We begin with the class of scalar linear predictors and seek an
upper bound, for any ε > 0, on

P

{
1
n

[
�n (x, x̂z)−

(
�n (x, x̂w̃∗) + δ|w̃∗|2)] ≥

(Ax + Av)2

n
ln

(
1 +

(Ax + Av)2n
δ

)
+ ε

}
,

where �n (x, x̂w̃∗) =
∑n

t=1(x[t]− w̃∗z[t− 1])2. The sequen-
tial predictor x̂z [t] is selected as x̂z[t] = ã[t−1]z[t−1], where
ã[t−1] is chosen to be the rst order universal predictor from
[4] applied to the noisy sequence, i.e.,

ã[t− 1] =

t−1∑
k=1

z[k]z[k − 1]

t−1∑
k=1

z2[k] + δ

,

and w̃∗ is the least squares optimal parameter minimizing∑n
k=1(z[k]− wz[k − 1])2 + δ|w|2 for some δ > 0, i.e.,

w̃∗ = arg min
w

{
n∑

k=1

(z[k]− wz[k − 1])2 + δ|w|2
}

=

n∑
k=1

z[k]z[k − 1]

n−1∑
k=1

z2[k] + δ

.

The following theorem relates the performance of the sequen-
tial predictor to that of the batch predictor.

Theorem 1. Let xn be a deterministic real-valued bounded
sequence such that |x[t]| < Ax for all t, and let zn be a noisy
version of xn with z[t] = x[t] + v[t], where the corrupting
noise variables v[t] are i.i.d. zero mean randomvariables with
variance σ2 that are bounded so that |v[t]| < Av a.s. Then,
for every ε > 0,

P
{

1
n

[
�n (x, x̂z)−

(
�n (x, x̂w̃∗) + δ|w̃∗|2)] ≥

(Ax + Av)2

n
ln

(
1 +

(Ax + Av)2n
δ

)
+ ε

}
≤ exp{−n[θε′ − ln(M(θ))]}, (1)

where
ε′ =

ε

2(Ax + Av)
(
2 + (Ax+Av)2

δ

) (2)

and M(θ) = E[exp(θv[1])], for θ > 0, is the moment gener-
ating function of v[1].

The theorem tells us the following. The normalized regret
between x̂z[t] and x̂w̃∗ [t] with respect to the noisy sequence
zn is known to be bounded [4] by (Ax +Av)2 ln(1+n(Ax +
Av)2/δ)/n , treating zn as an individual sequence with bound
on the magnitude of (Ax + Av). If we now judge the noisy
sequential and the noisy batch predictor with respect to the
clean sequence, the probability that this relative loss is big-
ger than (Ax + Av)2 ln(1 + n(Ax + Av)2/δ) vanishes with
increasing length of the sequence zn.

To prove Theorem 1, we note that

�n (x, x̂z)− (
�n (x, x̂w̃∗) + δ|w̃∗|2)

= �n (z, x̂z)−
(
�n (z, x̂w̃∗) + δ|w̃∗|2)

+ 2
n∑

t=1

v[t](x̂z [t]− x̂w̃∗ [t]).

Viewing zn as an arbitrary bounded sequence with |z[t]| <
(Ax + Av) for all t, we can conclude that the prediction x̂z [t]
satis es |x̂z [t]| < (Ax+Av) for all t [4]. In contrast, there ex-
ist bounded sequences for which the batch prediction x̂ w̃∗ [t]
lies outside the interval [−(Ax + Av), (Ax + Av)]. However,
the following lemma establishes an upper bound on x̂ w̃∗ [t] in
terms of (Ax + Av) and δ.

Lemma 1. Let zn be an arbitrary real-valued sequence that
is bounded such that |z[t]| < (Ax + Av) for all t, and let the
batch prediction coef cient w̃∗ be given by w̃∗ = (

∑n
k=1 z[k−

1]2 + δ)−1(
∑n

k=1 z[k]z[k − 1]), for some δ > 0. Then the
batch prediction satis es

|x̂w̃∗ [t]| ≤ (Ax + Av)
(

1 +
(Ax + Av)2

δ

)
.
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Proof : We have that [4]

|x̂z[n + 1]| = |ã[n]z[n]| ≤ (Ax + Av).

and we can conclude that |ã[n]| ≤ 1. To obtain a bound on
|w̃∗|, the norm of the batch predictor, we relate ã[n] and w̃ ∗.
Speci cally, this relation is given by ã[n] = α2

nw̃∗ as in [4],
where

α2
n =

n−1∑
k=1

z2[k] + δ

n∑
k=1

z2[k] + δ
=

1

1 + z2[n]
(

n−1∑
k=1

z2[k] + δ

)−1 .

Then, we have

|w̃∗| =
∣∣∣∣ ã[n]

α2
n

∣∣∣∣ ≤ 1 + z2[n]

(
n−1∑
k=1

z2[k] + δ

)−1

≤ 1 +
(Ax + Av)2

δ
,

and for any value of z[t − 1] in the sequence z n, the batch
prediction is bounded by

|x̂w̃∗ [t]| = |w̃∗z[t− 1]| ≤ (Ax + Av)
(

1 +
(Ax + Av)2

δ

)
.

Based on Lemma 1, we obtain

�n (x, x̂z)− (
�n (x, x̂w̃∗) + δ|w̃∗|2)
≤ �n (z, x̂z)−

(
�n (z, x̂w̃∗) + δ|w̃∗|2)

+ 2(Ax + Av)
(

2 +
(Ax + Av)2

δ

) n∑
t=1

v[t].

As mentioned above, viewing zn as an arbitrary real-valued
bounded sequence with elements in [−(Ax+Av), (Ax+Av)],
the following bound holds [4]

�n (z, x̂z)−
(
�n (z, x̂w̃∗) + δ|w̃∗|2)
≤ (Ax + Av)2 ln

(
1 +

(Ax + Av)2n
δ

)
,

and we conclude that for every ε > 0

P
{

1
n

[
�n (x, x̂z)−

(
�n (x, x̂w̃∗) + δ|w̃∗|2)]

≥ (Ax + Av)2

n
ln

(
1 +

(Ax + Av)2n
δ

)
+ ε

}
≤ exp{−n[θε′ − ln(M(θ))]}

using the Chernoff bound for (1/n)(
∑n

t=1 v[t]), for some θ >
0, where M(θ) = E[exp(θv[1])] is the moment generating
function of v[1] and ε′ is as stated in Theorem 1.

2.2. P th-order Linear Prediction

In this section, we address the problem of linear prediction
of noisy sequences with a predictor of a xed order p. The
noisy observation is now the vector z[t−1] = [z[t−1], z[t−
2], . . . , z[t− p]]T ∈ R

p. We let the sequential predictor x̂z [t]
be given by x̂z [t] = ãT[t − 1]z[t − 1], where ã[t − 1] is the
universal pth-order prediction vector from [4] applied to the
noisy sequence

ã[t− 1] =

(
t−1∑
k=1

z[k]zT[k] + δIp

)−1 (
t−1∑
k=1

z[k]z[k − 1]

)

(3)

= (Rt−1
zz + δIp)−1rt−1

zz .

The batch predictor is given by x̂w̃∗ [t] = (w̃∗)Tz[t − 1],
where the collection of batch prediction coef cients w̃∗, for
some δ > 0, is calculated as

w̃∗ = argmin
w

n∑
k=1

(z[k]−wTz[k − 1])2 + δ‖w‖2 (4)

=

(
n−1∑
k=1

z[k]zT[k] + δIp

)−1 (
n∑

k=1

z[k]z[k − 1]

)

= (Rn−1
zz + δIp)−1rn

zz .

We now have the following theorem concerning the perfor-
mance of the sequential linear predictor based on noisy ob-
servations judged with respect to the clean sequence xn.

Theorem 2. Let xn be a deterministic real-valued bounded
sequence such that |x[t]| < Ax for all t, and let zn be a
noisy version of xn with z[t] = x[t] + v[t], where the cor-
rupting noise variables v[t] are i.i.d. zero mean random vari-
ables with variance σ2 that are bounded so that |v[t]| < Av

a.s. Further, assume that the covariance matrix 1
kRk

zz has a

minimum eigenvalue λ
(k)
min bounded away from zero such that

λ
(k)
min ≥ λ∞ > 0. Then, for every ε > 0,

P
{

1
n

[
�n (x, x̂z)− (�n (x, x̂w̃∗) + δ‖w̃∗‖2)] ≥

(Ax + Av)2p
n

ln
(

1 +
(Ax + Av)2n

δ

)
+ ε

}
≤ exp{−n[θε′ − ln(M(θ))]}, (5)

where

ε′ =
ελ∞

4p2(Ax + Av)3
, (6)

and M(θ) = E[exp(θv[1])], for θ > 0, is the moment gener-
ating function of v[1].

The proof of the theorem follows along the lines of the
proof of Theorem 1, except that we now use bounds for |x̂ z [t]|
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and |x̂w̃∗ [t]|. The symmetric matrix (Rn−1
zz + δI)−1 can be

written in terms of the eigenvalues {λ1, λ2, . . . , λp} of Rn−1
zz

as

(Rn−1
zz +δIp)−1 = V (Λ+δIp)−1V T =

p∑
i=1

1
(λi + δ)

viv
T
i ,

where Λ = diag{λ1, λ2, . . . , λp} is a diagonal matrix con-
taining the eigenvalues of Rn−1

zz , V is an orthogonal matrix,
and vi is the i-th column vector of V . Then,

|x̂w̃∗ [t]| = ∣∣(rn
zz)T(Rn−1

zz + δIp)−1z[t− 1]
∣∣

=

∣∣∣∣∣
p∑

i=1

1
(λi + δ)

(rn
zz)Tviv

T
i z[t− 1]

∣∣∣∣∣
≤

p∑
i=1

1
|λi + δ|

∣∣(rn
zz)Tvi

∣∣ ∣∣vT
i z[t− 1]

∣∣
=

p∑
i=1

1∣∣∣(n− 1) λi

(n−1) + δ
∣∣∣
∣∣(rn

zz)Tvi

∣∣ ∣∣vT
i z[t− 1]

∣∣

≤ p2(Ax + Av)3

λ∞
.

Similar arguments show that

|x̂z [t]| ≤ p2(Ax + Av)3

λ∞
,

which completes the proof of Theorem 2.

2.3. Simulation Results

In this section, we illustrate the performance of the previously
considered linear prediction algorithms when applied to noisy
observations. The simulations involve prediction of the au-
toregressive (AR) sequence given by

x[t]=0.9x[t−1]−0.25x[t−2]−0.1x[t−3]−0.2x[t−4]+w[t],

where w[t] are i.i.d. Gaussian noise samples with mean zero
and variance σ2

w set to σ2
w = 1 and Ax is determined em-

pirically as Ax = max{|x[t]|, t = 1, 2, . . . , n}. The noise
variables vn are chosen i.i.d. from a uniform distribution on
[−Av, Av], where Av = Ax/5, corresponding to a noise vari-
ance of σ2 = A2

v/3 = A2
x/75. The order of the linear predic-

tor is p = 5, and we show results for one realization of xn,
where the averaging is over 100 independent realizations of
the noise process vn. In Fig. 1, we plot the normalized ac-
cumulated prediction error of the sequential predictor and the
batch predictor, for noisy and clean observations. Although
the accumulated prediction error of the predictors relying on
noisy observation samples is greater than in the noise-free
case, the performance of the sequential predictor approaches
that of the batch predictor for increasing data length.
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Fig. 1. Prediction results for prediction based on noisy and
clean observations

3. CONCLUSION

In spite of additive bounded noise corrupting the observation
samples, we show that for linear predictors using noisy ob-
servations, the regret between a predictor operating sequen-
tially on the data and the best batch predictor can be made
small, although their prediction performance in terms of the
normalized accumulated loss is worse than in the noise-free
environment.
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