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A Basic Problem

Considerthe following linear inverseproblem:

A x = b

whereA 2 Rm � n is �xed, b 2 Rm is given,and x 2 Rn is unknown.
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Examples: Deconvolution,computerizedtomography, transform coding,...

Possiblenoise due to: modelmismatch,measurementand/or transmission
error, quantization,thresholding,...
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Two Basic Questions

A x = b
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We havetwo questions:

1. Canwe reconstructx in a numericallystableway from b?

2. Which is the \optimal" reconstructionalgorithm in the presenceof noise?
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Linear Inverse Problem Ax = b: First Question

Question: Canwe reconstructx in a numericallystableway from b?

Answer: It dependson the condition number of A :

� (A ) =
� 1(A )
� n (A )

:

The smaller � (A ) (� (A ) � 1), the more stable (or well-conditioned)the
problemis.

Intuition: � 1 and � n are the largest and smallestsingular valuesof A .
Thus, for all x :

� n kx k2 � kAx k2 � � 1kx k2

That meansA shouldbehavior modestlywith respect to 2-norm!
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Linear Inverse Problem Ax = b: Second Question

Question: When the systemA is overcomplete,there are many (in�nite)
ways to reconstructx from b. Which one is \optimal"?

Answer: Usethe pseudo-inverseA y = (A T A )� 1A T

x̂ = A yb

Special properties of the pseudo-inverse:

� A y providesthe least-squaressolution
) Eliminatesthe in
uence of errors orthogonal to the rangeof A .

� A y hasa minimum spectral norm amongall left inverseof A
) Recoversx and but doesn't blow up the noise.
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Frames: Generalize to Hilb ert Spaces

ConsiderA as a linear operator, A : Rn ! Rm , then

Ax = b ( ) bi = hx ; ai i ; i = 1; 2; : : : ; m

whereaT
i are the rows of A .

Def: A sequencef � kgk2 � in a Hilbert spaceH is a frameif thereexist two
constants(frame bounds)� > 0 and � < 1 suchthat for any x 2 H

� kxk2 �
X

k2 �

jhx; � k ij 2 � � kxk2:

Best case:� = � =) tight frame

Signi�cance: f � kgk2 � is a frame ( ) one can recoverx 2 H from
fhx; � k igk2 � .
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Dual Frame

Frame operator: A : H ! l2(�)

(Ax )k = hx; � k i ; for k 2 � :

Pseudo inverse: Ay = (A� A)� 1A� existsand boundedbecausef � kgk2 �

is a frame.

Result: Reconstructionusingpseudoinverseis relatedto a dual frame

x = AyAx =
X

k2 �

hx; � k i ~� k

wherethe dual frame is de�ned as ~� k = (A� A)� 1� k .

Easiest case: Tight frame (� = � ), ~� k = � � 1� k .
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Iterative Frame Reconstruction Algorithm

Both pseudo-inverseand dual frame computations need the inversionof
A� A, where

A� Ax =
X

k2 �

hx; � k i � k

ConsiderR = I � 2
� + � A� A, then because� � I � A� A � � � I

kRk �
� � �
� + �

� 1:

Thus,

(A� A)� 1 =
2

� + �
(I � R)� 1 =

2
� + �

1X

i =0

Ri

Iterative reconstruction:

xn = xn � 1 +
2

� + �

X

k2 �

(hx; � k i � hxn � 1; � k i )� k
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Application to Generalized Sampling

� Sampleddata: s[k] = hx; � k i , where� k is the point spreadingfunction
(PSF) of the sensoring deviceat location tk .

� \Sampling theorem": Function x(t) 2 H can be recoveredin a
numericallystable way from sampless[k] if and only if f � kgk2 � is a
frameof H .

� Classicalsampling:H = B L([� � ; � ]) and f � kg = f sinc(t � k)gk2 Z
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Laplacian Pyramid: Burt Adelson, 1983
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Why Laplacian Pyramid Instead of Orthogonal Filter
Banks?

(2,2)

(2,2)

(2,2)

(2,2)

Wavelet FB Laplacian Pyramid
(2,2)

Evenin higherdimensions,the Laplacianpyramid (LP) only generatesone
isometricdetailedsignalat eachlevel.

LP has no \frequency scrambling"
due to downsamplingof the highpass
channel:

highpass (HP)

downsampled HPPSfragreplacements
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10



Decomposition in the Laplacian Pyramid
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Coarse: c = H x

Residual: d = x � GH x = (I � GH )x :

Combininggives �
c
d

�

| {z }
y

=
�

H
I � GH

�

| {z }
A

x :
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Usual Reconstruction in the Laplacian Pyramid
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x̂ =
�

G I
�

| {z }
S 1

�
c
d

�

| {z }
y

:

Note that S1A = I (perfect reconstruction) for any H and G.

But... what about noisypyramids: ŷ = y + e ?

The most serious disadvantage of the LP for coding applications
[Simoncelli & Adelson, 1991]: \...the errors from highpasssubbands of
a multilevel LP do not remain in thesesubbands but appear as broadband
noise in the reconstructed signal..."
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Frame Analysis

� LP is a frame operator (A ) with redundancy.

� It admits an in�nite number of left inverses.

� Let S be an arbitrary left inverseof A ,

x̂ = Sŷ = S(y + e) = x + Se:

� The optimal left inverse(minimizing kSk) is the pseudo-inverseof A :

A y = (A T A )� 1A T :

� If the noise is white, then among all left inverses,the pseudo-inverse
minimizesthe reconstructionMSE.

� But ... reconstructionusingthe pseudo-inversemight be computationally
expensive,unlesswe havea tight frame.
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A Tight Frame Case

Orthogonal�lters:

hg[� ]; g[� � M n]i = � [n]; and

h[n] = g[� n]; or H = G T :

Theorem. The Laplacianpyramid with orthogonal �lters is a tight frame.

Proof: Under the orthogonality condition:

p[n] =
X

k2 Zd

hx[� ]; g[� � M k]i| {z }
c[k ]

g[n � M k]:

Usingthe Pythagorean theorem:

kx k2 = kpk2 + kdk2 = kck2 + kdk2:

PSfragreplacements x

p

d

V
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Inspiring New Reconstruction Filter Bank

As a result, pseudo-inverseof A is simply its transpose

A y = A T =
�

H
I � GG T

� T

=
�

G I � GG T �
:

So the optimal reconstructionis

x̂ = A yy = Gc + (I � GG T )d = G(c � H d) + d:
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General Cases

Considerthe following �lter bank for reconstruction
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Theorem.

1. It is an inverseof the LP if and only if H and G are biorthogonal �lters ,
or GH is a projector.

2. It is the pseudo-inverseif and only if GH is an orthogonalprojector.

Recall: A linear operator P is a projector if P 2 = P.
Furthermore, if P = P T then P is an orthogonalprojector.
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Comparing Two Reconstruction Metho ds
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Usualreconstruction: x 1 = Gc + d

New reconstruction: x 2 = Gc + (I � GH )| {z }
~PW
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Laplacian Pyramid as an Oversampled Filter Bank

M M

MM

+

MM

PSfragreplacements

H G

K 0

K jM j� 1

F0

FjM j� 1

x x̂

c

d

d0

djM j� 1

For the usual reconstruction method, synthesis�lters F [1]
i are all-pass

(delay) �lters: F [1]
i (z) = z� k i

For the proposedreconstructionmethod, synthesis�lters F [1]
i are high-pass

�lters: F [2]
i (z) = z� k i � G(z)H i (zM ).
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Multilevel Laplacian Pyramids
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Comparing frequencyresponsesof equivalentsynthesis�lters (REC-1 vs.
REC-2)
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Experimental Results

dec.
LP

usual
rec.

rec.
new
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e

ŷ

x̂1
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With additive uniform white noisein [0; 0:1] (non-zeromean)...

usual
rec.
SNR=
6.28 dB

new rec.
SNR=

17.42dB
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Summary

� Framesare a powerful tool...

{ Generalizesmatrix inversionsfor general(possiblein�nite dimensional)
vector spaces.

{ Generalizesbasesfor overcomplete(redundant) systems.

� Framing pyramidslead to...

{ New reconstructionalgorithm with signi�cant improvementover the
usualmethod.

{ Completecharacterizationof left inversesand the pseudo-inverse.

� Framesare everywhere...

{ Giveme a linear operator with a boundedinverse,I'll frame it!
{ If you haveto deal with an overcompletesystem,considerthe frame

theory!
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